
Lecture 2 :

The white head group



I
.
Motivation ①

In the 1950 's
,
Whitehead studied

the
"

simple homotopy type
"

of a

finite Cw co-plex .

Q: Given a htpy equivalence

X E Y between finite

CW complexes , when is

X

"

simple homotopy equivalent

to Y j i. e when can
we

write a homotopy between X

andy in terms of elementary

expansions and collapses .



More precisely , let CK
,
L) be a ②

finite CW pair . Then KB L

"
K collapses to L via an

elementary collapse
" if

1) K = Lu
eh

-

je"

n
- '

n

where e
,

e IL

2) there exists a pair
(D
"

,
D
"
' '

) and a

map Y : D
"

-1k such that

n - l
h

h
- l

ID - L
JD → we

- and
t t

elon- id
"

we
"
"

y :
ith
-

Tuten en

Neeld ,D"
'

- Dh)) EL
""

we also write L FK and say
" L expands to K via an elem . expansion

' ?



Picture :
③

O÷Bz
en

Example : i k ,

•

" "

e. ii*
"

L
+
simple e) Kz

"



Example : Lens spaces
④

Lcp ,g) =
{ ⇐ ' Aztec

' 117,12*212=13
#

It
, ,
ta) n ( 37

, 39 Zz)

z = e'
""

P
( p - th root of unity)

L ( 2
,
i) = Rp3

There exists a homotopy
equivalence

f : L (7,2) LA
,
D
,

which is not

a simple homotopy equivalence .

(see Exercise on p .

98
"

A course in simple homotopy theory
")

M
.

M . Cohen 1972



I
.

Whitehead group
⑤

Let R be a ring .

Glen ( R) = {
nxh invertible
matrices }

( ( n CR ) → Glen + , CR)

A 1- (Ao? )

GL CR) : = colin Gluck)
h

Def :

K
,
CR) : = GL CR)

-b

: = GLCR)/
Comutator #LCR) ,

GLCRD

Subgroup .



⑥
Def : A transaction eijlx)

in Gln (R) where xtR.ci#jEh

is a matrix of the form

(
'

o
' i

.

These

are elementary matrices

a-d so we write

EIR) E Glen CR )

for the subgroup of Glen CR)

generatedby the
transvectors

.



Again ,
⑦

En CR)- Ent
,
CR)

A 1-(Ao?)
and we define

ECR) = Colin Enck) .

Det : we say a group G

is perfect if

G = [ a ,
G )

.

In this

case %
,
Gy
= I

.

Rink : If it
,
X F , is perfect

and InX = o nFl then

II. (x) = o
'

but x # *
.



Lemma / : Let n 23 .
Then

⑧

Efp) is perfect .
X ER

Pf : eijcx)
= Lei ,H) , er ; Cl

)?
i -title . (Ex : Ed#I'¥⇒Lemma 2 :(Whitehead 's lemma)

E CR) = LGLCR) ,GLCR)) .

Proof : By lemma l

ECR) E [ GL CR) ,GLCR)) .

We can write any
commutator

of g ,h E G Lh CR
) as

↳ in
-

- (soso.ikhoi.it
'
"

ong)
in

Gluck) .



Any matrix of the
⑨

form

riot
for AE Glen CR) is

in Ean CR)

( Exercise ) . D

Det : when Ris commutative
,

units in R

there is a he Pdet d =Gh""

KCR) - RX
SLHCR) → Slat, IR)andwe write (
A 1- Hoo,)

SK
,
CR) : = Ker k , CR) .

SLCR)
SK
, CR) -= SLCRYECR) one!



A- I

-
EhCR) - Glen Cr) Rt

d

'

→ GLCPYECR)



Example : when 12=2 100

K.cz/Ezx
f- 242 ( Exercise)

and
gk

,
(2) =o

Example :(Example, I - 5.3 Kbook)
when R = IR (continuous naps

s
'
- IR)

skills
'

) €242 and

K
, ( IRS

'

)=(IRS)×①xk
<51

Definition : sniggered
Wh (G) = K ,

Czar)) bys .

I -

( Ig ISEG
?

I get is in GL
,
Cuca)=ZCG]×



IT
. Applications ④

Thin - whitehead) suppose
-

.

KIL is a homotopy

equivalence
of finite cw

complexes w/ G- IT , (K
) EIT ,Cl)

then there is a class

C- ( f ) E Wh ,( G)

called the Whitehead torsion

of f s.t . Tcf)=o if f
is a simple htpy equivalence .



A triple Cw
, MN)

of ④

PL - manifolds is said to

be an h - cobordism if

d w =MIN and

M w F.homotopy equivalences

Then I t e Wh , CT , Cm))
.

Example :
W is a cobordism

m¥¥8N from

-0 s
'
to s

'
#s
'

Mibius but net an
W band h-cobordism

is an L - cobordism

M
N from

S
'
to S

'



(Mazur
,
Shale

,
. ..)
④

thin [ s - cobordism Thm)

+
(W

,
M

,
m
') I lmxco ,D , mxo ,

ma)

obordisni I c- = o?
PL haemophisn

Moreover
,

every ett . Tfw
h
,
then)

is the torsk of sore

h - cobordism

(W ,
M

,
M
')
.



⑤

Corollary (Smale)

( Generalized Poincare

conjecture)

Let N be an n
dimensional

PL manifold

with N e Sh for
h25

.

Then N E
Sh

PL



-

④
pf : Let

W = N -CD . HDZ) .

Then

(W ,
s?
-

is}
'

) is an h - cobordism .

IT
,
Csi
"

)=o so by

the s - cobordism theorem

PL

(W
,
Sh
,

"

,
si
- '
II Ish co

,
D
,
SY 's
" ' )

So consequently

N=W4D ,#Dz) [Ico,Du(Dita)
PL

n

IS
so



IT . Relating Ko and K ,

Let I CR a two sided)

ideal in a ring R .

Def :

GL CI) -- Ker ( GL CR)→ GLCRII)

Ronk : This definition turns out

to be it dependent of R in

the sense that if R - S

is a nap of rigs and

I -ups isomorphically
onto I in S then

GLCI) - GLCR) -GLCRII)

dis t
GLCI)→GIs)- GL CSI) .



Def :

En (R ,I) is the normal

subgroup of GL CI) generated
by matrices

Eij Cr
)

such that reI and is itj Eh .

Let
ECR ,I )

= conlin En CR ,I) .

Lemma :(Relative Whitehead lemma)

ECR
,
I) G GL CI) and

ECR
,
I) = [ GLCI)

,
GLCI)]

.

( Proof is very similar to the
Whitehead lemma

.)



Def : Let Ic R be a

two - sided ideal . Then

we define ROI to be the

ring ,
whose underlying abelian

group is ROI w/ multiplication

(REI) ④ ( ROI) - ROI
lls /

R④R④R④I④I④R④I④I
- w w u

RER RT R⑤I

R④I Its R④I

I ④ R I ↳ R@I

IOI II- RBI



Det :

K
,
CR ,I) GL HEIR

,I)

Kott) : = Ker ( koCR④I) -Kok))
F where RBI is the square

KOCHI)
zero extension of R by I .

Note : ECR ,I) depends on R
,
so

k
, (R ,
I) depends on R whereas

KOCI) does not .



q : Rt R II

Proposition : There is an

exact sequence
K
,
Le)

K
,
CR
,
I) T K ,

CR) -K , CR II)
→

KEY
.
injective d#

> koCI)→KoCR)yKoCR#

Proof : I will leave it as an

exercise to show that

there is an exact sequence

+
injective GL ( q)

I - GL CI) - GL CR) uGLCRII)

CKoCE)

Ko CI)→ KoCR) n Ko CR II) .

Assuming this, we just
need

to show exactness
at KINI)

and K , l R) .



Kofi) -1 Kock@I) - Ko CR)

dis l l
u

v

kerchief-1 KIR) -7 koCRI)

affine
Spec (RE) → Spec (p)

scenes I t t

Speer) → spec
(ROI)

RBI - R

(mission t E.)R



Passing to quotients , we haveGLCE)

G. LCR)→ GLCRII)

cane q) I can RII#Kil y J

↳ CRYE, ,zj
' - l GLCRAY - - -7 KOCI)

ECRII)

where . . .> exists by the mineral

property of abelionization

GL ( A) IECA)
= GLIA)

ab

for A- R
,
RII

.

The kernel Kerk) satisfies

kercd ) = kendo) mod ECRII)

The image imk.ee) = im (Cann 0149)

= im ( GL Cdo can RID

= Keroro) mad
ELRII)

.

= Ker Cd)



It therefore suffices to

show that the sequence is

exact at K ,CRI .
Let

Kile)

GE Ker ( GLCR)" kick) - Kochi))
then by commutativity of

Glee)
GLI R) → GLCRII)

{Can ,z tank#↳
Killy → KICRII) → KOCI)

Kile)

we know Glcq) Cg) = g- C- ELMI)
.

Since ECR) ⇒ ECRII) is surjective
ECE)

Z e f ECR) w/ EG) (e) =5 .

So
GL Cq) ( ge

-1) = I EECRII)-GUMI!

and
ge
- '
EGLCI)

.



Let cane :
GL CI) x GLCIX

E CRI)

be the canonical surjection and

write

[ge
- 1) = Can I ( se

' ')
.

In sum
,
for every

gt Ker ( K , CE
))

there exists a Cge
- ') t k , CI)

such that Ige
- t
) naps to g ,

SO
im ( K ,II) n k , CR))

=Ker ( K
,
(R) - K ,CR II)

)
.

D



This exact sequence was

known since the 1960 I
,

but it wasn't known how

to extend it to the left

until Milnor defied

Kz .
It still didn't

extend further until

Quillen defied higher
algebraic K - theory
in 1972

.


