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I . The Q - construction

Recall
. An exact category f is an additive
-

subcategory y EA of an abelian category
A

that is closed under extensions .

We have a class of sequences

O - A>→ C→ B X o

which are exact in A called
admissible exact sequences

and we say As- c isan admissible mono
-orphism and

[→ B isan admissible epimorphisn .

Reinert . In an exact category
,

the pullback
At' B

£
, I exists and it is also a

A-
'
f B

"

p, shout diagram up
to

isomorphism .

Examples
- finitely generated

1) R ring
,

PCR) = projective R-modules

2) R ring men = finitely generated R -nodules

3) X scheme VBCX) algebraic Vector bundles
overX

4) X scheme MCX) coherent Ox-modules .



Construction ( Q - construction

Given an exact category f , we
defile a

category Qb
with the same objects

and morphis-S A - B in Q b given by

spans isomorphism classes of spans

w,
& X
A B

where two spurs are in
the same isomorphism

class it the map of spans
is of the form

A← w
,
>→ B

H dies
11

A←Wz >→
B

.

Terminology)Notation
-

: Given an admissible

monomorph is- i: m s-m
' we can form

idm Msg
mi

!
: m

# i

and given an admissible epinorphism j
:Man

"

we form M id ,n
. I

j
' : mix In

write im : o-min tf
and j n: Mao

into
.



Props
.

There is a canonical isomorphism

IT
,
BQb E Kolb)

Pt
.
Recall that there is an equivalence of categories

EKQ.ie,set )
Fun

'

(QB
,
set) it ,

Qb - sets
.

T

morphism inverting
functors .

Let F E Fun
'

(Qb
,
set) denote the full subcategory

on

objects F :Qf→Set
such that FCM) = Fco)

and FC im ! ) = idm .

←

Step . Show the inclusion F-, Fun'CQ8, Set)

is an equivalence of categories

Step .
Show there is an equivalence of

categories II Koff )
-set

Proof of t) .
Given a morphism inverting functor

F
,

we can form F
'

by letting F' cm) = Fco)
and

F ( f) =idm .

Then the composite

FE Fun' (Qb
,
set) - F is the identity

up to isomorphism .



We define a natural transformation

Fun
'
(Qb

,
set)xs ,) - Fun

'

( QB
.

Set)

from the other composite to the identity by
idea.
idfco)

,
#m) → Fimi)

"' F' co)

F- ( im !) f LFC in:D
"

t id eco)

F- Cm ) -1 Fcm
')- Flo)

F-(mum,) Flint) g

-
Proof of 2 FC im :)
-

-

Given a Kolb) -set S
,
we define Fg by

Fsln)=s
,
Elin) - ids

Fslm¥%m)=sker,g
this defies Koko) -set → F

.

a functor
g ,-7 Fs

Given a functor F i-F
,
and ii.mum

' in 8

then i oim, = im so idea, -_ Flinn)
-
- Fcioim')

=Fci) o Flint)

Given an exact sequence = Fci ) oidfco)
u

= id fool .
o- m miss m - o

into



we have that j! im" !
= ii. jmi

1
.

ni:3
So

F- ( j ! ) -- Fi ;
! im. :) -- Fli , in! )

-
- Fcjm! )
I

in Aut CF co))
. Also

,
jm
!
= j
! j mi

1.*n'iii. Ho. iii.m)
' °

Fcjn
!) -- FI ojnn

!
)

= f- ( j
') ofcjmu

! )

= Fljiiiloffjmn
! )

by the universal property of Kolb)

There is a group homomorphism
Kock)→ Aut (Fco ))

cm] 1- Fcjm!)



Recall : Suppose 4 in the diagram

obb -7
Kolb )

i
.

3 ! f
'

is↳ A C-Gp link
c- Ab)

satisfies forall admissible exact

sequences
O - m's- m→m

"
→ 0

Then y cm) =L Can
') - Elm

' ')

then There exists a unique factorization
f
.

Therefore
,
there are functors

Kolb) -Set
- I
←

s- Fs

F-Co)←l F

and one can easily check that
this

gies an equivalence
of categories .



Iet .
Kalb) : = rBQb

Thin : Ct
-
- Q) when 8 = PCR) ,

there

is a homotopy equivalence

Kol R) x BGL CR)
t
e KQCPCR)) .

Remark This homotopy equivalence
-

:

passes through
another construction , the

S
-'
S construction .

'

Kole) x BLUR)t- BisoPCRD
"

( isoPCRD - KOYPCRI)

and one can prove these
are equivalences

by proving that
the right two

satisfy the universal property
of

BGL ( R)
t
on each path component .



Thml Let 8 be an exact category
-

regarded as a Wald
Larsen category

(Yo
,
Cb
,
iso8 ) with cofib ratio-s the

admissible mono morphisms
and weak

equivalences isomorphisms .
Then

There is a homotopy equivalence

Kwon - Kotb )
- ,

ii 11

11N.ws
.
81 11306

To prove this ,
we will first introduce

a functor called the edgewise

subdivision

if
I y

d
- P

e

X
.

- X
.



Iet
.

We defile a functor

Sde : D - D by

Sde (Sm) = [2kt D

Sde(x : Cn)-cm)) : Cznti)
-anti)

Sde ( x) g) ={
* (s) of Sen

LCS - Inti)) tht ,
htt ESEM

Given a simplicial object

X. : DOP -y

in Yo
,
we write

X.
e
: gop

e)
° "

X
.

→ Do
"
- y

for the edgewise subdivision
of X

.

Ex : X. =D
'

•
Rink : This is

different

(Dye =

→ Ah



we write die nd sie for the face

and degeneracies of X ?
.

These

satisfy the following compatibility

die e

XI- Xu - i

" "

X ,ht ,
°dks Kuei

Xue Xin

II 11

Xzu+. ,
X.*+ ,

The2 .

Let X be a simplicial set .

There is a canonical homeomorphism

IX. 1=1×71
.



Pefsketch : check this for X. =D
'

by explicit calculation .

Show DP is a reract

of IT, D
'
to prove the result

for DP
.
Then

use the fact that

lsdex
.
#de ! :O's:*,.net#o;:z.*.sdeksPH4t?ox?

"

Notation :
El X. I

.

write iso N
.Qb for the simplicial

category Fun (cm
,
isoQb)

Lemma t
. There is a homotopy equivalence-

B. Qb Is IN.isoQbl

It
.
This is left as an exercise

since

it is proven in - very
similar way

to the result

Is .BIZ/isoS.6l

that we discussed
earlier . D



Lemme 2
.
There is a map of simplicial

categories

Wn : iso Sza, if -7
i so NaeQb

which is an equivalence of categories

for each ie Z o
.

Proof of theorem l
.

#

The homotopy equivalence
Thm2

IN
.
isos.BIZ/N..isoS.8Ie/

Lemma 2

=

→ IN
.

iso Q 81
Lemma I

'

Ii BQb
induces a homotopy equivalence

killed :-11N
.

isos.co/IdBQE=:KQl8) .



We break Lemme 2 into several

parts .
First

,
we defile the factor

iso Sza#→ iso Qub

on objects a
-
d leave it as an

exercise to check that it is
defied

on morphis- s
.
We send A C-Sunk

Ao ,'m Aoe
't

I. ¥÷÷÷÷÷::
"

:÷
""

)±
\

Antietam . . . !
c !

to the span
-

e I
-

A
zu. put'

Ah - I
,
htt

* ×, *
A"

.

?
- "

Yao
.am. .Ah

,
let 1 Ak- I ,ht2

Sitting inside
Sveti b

.



Lemma 3 The nap
-

'

Wu : iso Sue ,Yo
→ isoNnQB

is a map of siylical categories .

PI I will leave this to you to

cheek
,
but I will give a- example .

E S
,
b

EN ,Qb

Ao ,aAomAo3 Aoz→
A 03

t te 1- I
A- izX)

A
, }

A 12

±
A 23

I dz

Ao't' .AT#deo=dood, I doI d Air
- C

A 1-7 An
12



We first observe that given a spun ,

Ah - I
,
htt

* ×, *
A"

.

?
- "

Yao
.am. .Ah

,
ht l Ak- I

,
ht2

we can reconstruct
all of A by taking

pushouts and pullbacks .

Ex :

Ao , >→ Aoz
't Aos Ao#Aos

t t re t
A
,
att Al 's Air

±
Az 3 f

-

So sin -e pullbacks Aop→AozHAo3
of the form L j t T f
x - Y O → A ,z→ As

± s t l r t
x
'
te y '

u

are also pushouts in
8 up

O - A-23

to isomorphism , we have
shown :



Lennie 4 .

The map

oblisoszu.to/-lob/isoQu8)

is surjective .

To prove Lemma 2 .
it suffices to

show the following :

Lemma5.TL
e functor

wa: iso Sza ,B →
iso NuQb

is fully faithful .

Pref . We need to show that Wu
induces

abijection

isoszut ,
-61A ,

A
' ) isoNnQB (WWA) ,WHAT?



Step . Lsurjectivity)

Given a morphism

← Amie: '
"" 's

. . .

*

" '

Dao
.at .

'

Ii:
"

!"
'¥1" t.

An
'

,n+ ,
nah-'M" t A'u.ua

* I * .

"

7
.

!
Ah -l

,
htt Ak-I

,
ut3

in iso Qutb we can
do the same inductive

procedure of taking pullbacks
and pushouts to

defile a map

A - A
' in isoszutif

since pullbacks and pushcarts preserve isomorphisms
.

I



Step . InjectNit y)

Suppose
to ,t , : A

→ A
'

are naps in iso Szht , 8 such that

Walt o)
= Wulf ,) .

Then we know

Lto) ; Ct ,) ; ;
: Ai ;
tAij

when it j ⇒ k and it ;
=2kt I .

Since pullbacks and pushouts
arefnctrial

they also preserve identities
so we

can do the e she iterative procedure
to reconstruct

,

to it , : Ai je Ai j
nd show that to = ti

.



Examples
-

c,) per)
we write KCR)# KQCPCRI)

(2) MCR) wewrite
Q

GCR) : = KIM CRI)

(3) VBCX) X scheme
Q

KCX) := K (viscid)

(4) MIX) X Noetherian scheme

GCX) : -_ KQCMCX))

(5) Chbl PCM)

KIRI - klchblplRD)

(6) ailment > Gillet!

GCR) = kcchbcmlry)
theorem .



Coming soon we will prove-

Reduction by resolution
-

.

Cor
.

Ra Noetherian regular ring

then there is a homotopy equivalence

KIRI Es GCR) .

Devissage
-

fer. Let R be
an artinian local

ring with maxi
-
l ideal m ( so that

m ofursoerzi) and quotient field R/w=k

Ex : 211pm

Then

GCR) - Ken) .



Localization
-

Cor . Let R be a
Dedekind domain

with fraction field
F and resolve

fields Rtp . Then there
is a LES

7.⑦Ki44p7uKiCRltKilFIp@ki.fRHtKi.ilRltki.fF)
←
Let Fg be a finite field

,
then

we will show that

21 i = o

Kil#e) ⇐ ( zag. .
" " '


