
Lecture 3 :

Milnor K - theory



I
.
Kz of a ring
-

Det : Let A bearing ,
then

let Stn CA) be the free group

on generators xijca)
for a C-A

l s i # j Sh modulo relations

(1) Xi ; Ca
) -

Xij
(b) = Xijlatb)

② exists ."
ie,

'

I
'

Xkjfsr) if j#
ki- e

called the

Steinberg relations .



Exercise : Show eij Ca) E En CA)

satisfy the Steinberg relations

for nI 3
.

Consequently
,
there is a canonical

surjection

StnCA) - En CA) .

Note : The Steinberg relations

for Ken are contained in

the relations for n
,
so there

are group
honor phis- S

St
.
.CA) n Sth CA) .



These group homomorphisms
are compatible with the

canonical surjectionS

Stn (A) → En CA) n 23

t t

Stu , (A)
t Ent , (A)

.

Exercise : Given compatible
surjective maps

Bi → Ci

d d-

Bit , → Citi

of groups it is > o , then the

induced map coli- B; * Colin Ci
is

i i

a surjection .



Det

Kz CA) : = Ker (St CA)
- ECA) )

.

Note: By
construction

,
there

is an exact segue-ee

I- Knecht - St CA) - GLCA) UK ,
CAH

-

Them :[ Steinberg)

The group KzCA)
is exactly

the center of St CA) and

consequently it is an

abelian group .



We will prove a generalization
of the following result

later in the course .

The Let A be a Dedekind

domain w/ field of fractions

F
,
then there is an exact

sequence
kzcf)

←
'

pep
kitAlp) t k ,CA) n k ,

CF)

-
ptetpkoCAA)

-KolA)tko Huo

where D= { PEA / p prime ideal}
s



I Milnor K - theory

Construction
-

'

. Given an abelian

group M ,
we define the

tensor algebra of M
-

TCM) ① m
④i

iz o

w/ underlying abelian group
M⑦" and multiplication

TCM) ④Tcm) -Tcm)
= ① m④k
k? o

"
.

⇐om④i)④§om④ ' ) induced by

"mtoi@mQjEemx.oitjtffoifEj.nM④M (Note: m④0=z)



We grade Tcm) by

letting elts

× E.⑦ µ
i

Zo

Tcm)
have grading degree n

.

(Xl = h if × e M
④1)① AE'

i' Zo

so Tcm) is a graded ring .

Ex: Let k be a field
.

Then K
"
is an abelian group

and we can consider

TCKD
.



Notation !

When xEk× , write

lad ④lcx') E k×④k× ETCH)

( just to distinguish it from

an ett : x EKXETCKX)

in degree 1 )

Det : we define the Milnor

K -theory of a field K by

km.ua -- TC
④



Note :

knock)=Z = Kolk)

Kick)=k×=k , Ck)
[ Exercise .

The (Matsumoto ]

For any field
K
,

Kzmck) = Kzck) .

( Note that Matsumoto's theorem

came first and inspired

Milnor's definition of

K2 and higher K
-groups .

)



Proposition '. The Milnor K - groups
of a finite field Iq are

M
K
*
(Fg) EU @Ff
t trivial square

Zero extension
in particular

ware Ff is

KI CHI) -- o for in degree I .

K ZZ
.

Proo First , wewill show that

Fe
'

④ Fe
'

# ④a-
A Fit !

It ←
Matsumoto

2- (Stl#e))



Write . for the gray operation

in 2- (State)) and e for

the unit ( corresponding to

note #e' ④Eifert III:D
Note : EY EY - I

a-d

#q×④z#q× I 24g - I Me-1=214-1

X ④ x 1- g ④g - g

X generates #q× s generates

So x④x generates 24g - I

#Iq
,

#E
.

It suffices to show that

[ x④x7=a④DteI④#eY
cx.EE#IiiiD

.



Case l
'

.
If q is even ,

2x =o in Fq So

x④X=X④ -x

and consequent

[ xxox] = ④ -X)

=fx⑤D (g④0=oE2Hqi④2⇒
= e EKZCFE) .

More generally ,

¥9
"

EKG - i

w l generator x④
. .

-
⑥ x and
-

h
I

[ X④X④
. - -

④X) -fX④ . .
- ④ - x)

-
-

n
=Cx④ - - -④ D
= e c- Knute)

hZ l .



Case 2 !

Observe that
(4×0-47=[4×01]

=e

[ x④ -X)=[X ④ IT

implies Cxxoy ] - [ y ④ x )
= e

II

[ x④ - xy ] - [ y④ -Xy]

It

[ XY ④ -Xy)

"

e

In particular , [
x④xJ=e

More generally ,
Mh

[X④x] =Lxm④x
"]

m
,
h odd

.



Given a non-square ve #g -2913

Such that I - u is also a non - square

in #q - coils ,

then nontrivial ett Cif one

exists) in Kzutq) ca-

be written as

[U ④ I - u ) =fx④X]
"? fxxox)

'

'

II 11
" m

= ( x ④ xynmtjX X
.

But then
,
these are also trivial

because cu I - u ) - e .



we therefore just need to

show

F u t#q -20,13 a nonsquare

such that I-U is also a nonsquare.

The assignment

u1- I - u

defines a Cz - action
u- I - U

Fg - Eo , is - Aq
- Eo

,
13

.

#Hq- Eo , 13=9-2

and there are (E
- 1) Iz non squares,

but only (9-3)/2 = CE - Dh - l

squares
.

So 7 such a U
.



Iet : The Brauer group of
afield

K denoted Br Ck)

is generated by isomorphism

classes of central simple algebras

modulo

1) CA B) = CAT
- CB)

2) [ MnCA) ) = 0

( see K - book p .
57 - 59

for more details .
)



P.ro# : If K contains a primitive
h - th root of unity ,

there is

a group homomorphism

Kalk) - Br Ck)

[a ④ PI f) ( Agh , p))

where

Ag = KLX ,4¥=L . )

,
y
"

=P . I

yx=3xy
)

Since [AF
"

] = (Mj Ck)] = o E Br ( K)

( Thm 8.12 Jacobson
"

Basic Algebra't)

this factors as

Keck)/nkz, y
- Br Ck)

K

called the
"

power horns

residue symbol
"

.



By Merkur
,
-

ev
- Sus tin

,

Kzlk)/nkzf En
Br Ck)

I
n - torsion

in Br CF)

Note that Iq contains

a primitive h- th root of unity In -71

Such that h ( q - l .

Er :

n Br (Fe) =
o

for all ht q -
I


