
Lecture 13 : Resolution and

Divissage



I
.

Resolution

Recall : R ( right Noetherian) ring ,
then

KCR) := KQCPCRD and GCR) : = KQCMCRD .

Q. When is KCR) IGCRI ?

Det . We say R is regular if every finitely

generated R -module has a finite resolution by

finitely generated project .ve R
-nodules .

A
.

When R is a regular ring
,
then KCR) GCR)

.

General setup Let M be an exact category
-

and let P be a sub additive category such

that whenever

o - M
"
te m → M're 0

is exact inM and n'ich ' EP then ME P .

This gives an exact category structure on P

and the inclusion is an exact
functor

.

We will say CP
,
M) is pre - resolvable if

whenever o → m m -13 m
'
→ o is

exact in M and Mtp then m
' '

EP .



We will say CP
,
M) is resolvable if , in

addition , for every M EM

there is an admissible sequence

Ot Ph- Pn - it . . .

- Po →Mt O

in M with Pi EP for oeien .

Thin (Resolution)

when CP
,
m) is resolvable ,

the inclusion

induces a homotopy equivalence

KCP) I KIM) .

Ex :

(1) Let 12 be a regular ring , then

(PCR ) ,MIR)) is resolvable
a-d

KCR) Es GCR)
.

(2) Let X be a separated regular

Noetherian scheme ,
then

KCX) Gex)
.



First
,
we will prove a special case .

Prep .
I
. Suppose ( P , M) is pre

-resoluble

and forevery M EM there is a

short exact sequence

on P
,
Su Po - M - o

such that Po ( and consequently P
,
)

are isomorphic to objects in P .
Then

KCP) E- KIM)
.

Proofoftheresolut.io#eorem .

Let Mi E M be the full subcategory of objects

Mf M s . t . There exists
a resolution

O - Phu . . .
→ Po - M t O

with n E i and Pi donorph :c to an

object in P for all ofj - n .



Lemmy l . For each nzo , the following
hold for a- exact sequence

o - M
' '

n m→ m ' ne o

in Mi

C ) M C-Mn
,
M
'
C-Mnt ,⇒ M

"
C-Mn

( z) M
"

,
M
'
C- Mnt I =) ME Mnt I

(3) M ,
M
' EM

n
⇒ m

"
C-Mn

Froot
.

This is left as an exercise .

Assuming the lemma then since we

know 3 an admissible epimorphism Pam ,

whenever Mt Mnt , then Ker (P→M) C-Mn .

by lil . By (2) and 13) we know

(Muti
,
Mn) is pre- resolvable

and CD then

says that (Mnt , ,Mn)
satisfies the

hypotheses of Prop . I . Consequently ,

KCP) KIND n .
. . uol.in/ClmitTklm) .



It therefore suffices to prove the proposition .

proofofprop.ly .

Note that QPEQM

is not the inclusion of a full sub category

since if P
,
p't P then there exist

idp
p⇐ p s- p

'

in Q m where coke - CAMB) E P and

consequently this is not a nap i- QP .

Let Q be the full sub category

of QM on objects of QP so
that

we have inclusions

QP E Q E QM .

Then it suffices to show that

BQP = BQ = BQM .

Let i : Qpc, Q and j : Q -eQM

be the canonical inclusions .



Step . BQP I BQ
Bi

It suffices
, .by Quillen 's

theorem A
,
to

show that

Byp =
*

for each P in Q j i. e each Pin P
.

An objett.li/p is a pain

( Pz
,
u : Pz⇐ P

,
>→ p )

where Plp , is in M .

Define afuetur

z : ilp - ilp

BY 2-( Pg , u) = ( pi , p,=P,
sup) .

Then there are natural transformations

id
i
,p
⇒ 2- ⇐ const

( O
,
0=0 >→p)

give- by

(Pg
,
peep ,HP)→ ( P , ,P,=P, HP)← (o

,
0=0HP)

Thus
,
id
pig,
= cons to ,o=o,→,

" Bili -¥

for all PEP.



Step : we now apply the dual
of

Quiller 's theorem A .
We need to

show that Bmj to for all m
in M

.

We first note a reduction . Let

cfemlj be the full subcategory

on objects (P
,
u : me p , >

- p) with

REP (⇒PEP)( since there exists a- epimorphism
← P

,
for sure P

,

ch p this is

more-pty ; i. e l P
, ,
me P ,=P ,

) Eb .

There is a right adjoint
RCP

,
u) = ( P

, ,
MEP

,

=P c)
.

Thus
, BB - B m j . It suffices

to show BYE * ( foray choice otoh
)
.

Fix (Po
,
Uo : m ← Po = Po)

an adissible epi morphine Pga M ,

which we can do by assumption .



we define afeet or

p
: b - if

by PCP , u : map =p
)

Il

( Pxmpo , M
← PfPo

= Pxmpu)

(Note : since P is closed under

sub objects P
,
C- P

P
,
>→ Pxmpo -sp

H t I
P
,
⇒ pot on

ad since P is closed under
extension

Pf Po is in J . )

we then define Lethal
transformations

idy⇐ pH⇒ onstage, by

( P
,
v :me P =p) ← (Pf Po , nee Pf

Po --Pfk)

t
( Po

, Uo )
.



Therefore
,

idpq-cohstpo.us
SO Bb = * for any

choice

of M .

D

Det
.

Let X be a separated Noetherian

scheme .

we say X is regular it algebraic

vector bridle our X I has a trite

resolution by coherent Ox -nodules .

R
kex) : = BHI)

GCx) : = KQCMCX))

Cer . When X is a separated regular
Noetherian scheme

KCX) = GLX) .



Cory : we- R is a regular left

Noetherian rig , ten

KCR) I GCR) .

I
. Devistage

Le t A E B be a sub abelian

category which
is the inclusion of

a full subcategory .
We say A- is an

exact abelian subcategory if

the inclusion ASB is an
ab enriched

Ector
( Hom ca

,
a) < HonBlin ,

ICA'll)

and it preserves exact sequences .

We

will say that A- EB is pre -unscrew
able

if
,
in addition

,
A is closed

under sub objects and quotients .



We say CA ,
B) as above is

unscrewable if , in
addition

,

every object B
has a finite filtration

E- BE Bhf - - - E B , E BE B
H

-

Bn -Hisn ¥113
,
430113

,

where each of Bil Bite ,
is in A

.

The [Devises age
)

Suppose CA
,
B) is unsure-able ,

then

KLA) KCB)
.

First
,
we will discuss some

applications .



Examples
-

-

1) If I is a nilpotent ideal

in a Noetherian ring R ,

then GCRII) -
GCR)

.

2) Let T be the abelian

category of finitely generated
torsion modules over a Dedekind

domain R .
LetTss be

the exact abelian subcategory

of semi siple objects in T .

Then (Tss ,
T) is unscrew-ble

so
KCTss) = KCT

)
..

More over , by
Shur 's lemma there

is an exact equivalence of categories

Tss
. IPTMCRIP) .



So

, = KOTT s s)
Q

= K ( Ipt MRI pl)

= IT KIM CRIP))

= IT GCRI p)

P

t tf k CRI p)

by the resolution

theorem .

This will be i- portant for the

localization theorem next tie .


