
Lecture 9 : consequences of

Additivity and Universul properties



I
. . Consequences of Additivity

Recall : we showed that if IKtf) is an

l-spectrum
,
then the additivity theorem

holds
.

Now we will prove the
converse

.

Thin : The additivity theorem. implies that

#lb) is an l- spectrum .

This will follow from a more general result

that requires some setup .

Definition .
The decal age or path

object of a simplicial object

X. :
:L

. if

in a category 8 is defined by

X
.) n = Xht l

d!"
PX
. =D!!!
"

oeisn
,

sin .
P"
.

= s!!!
"

o si en .

Lemma The simplicial map
-

:

do
""
: Px

.

- Xo

induces a simplicial homotopy

equivalence
IPX
.
I → I Xol. .



Pref : First
,

note that do
""

has

a section si'" sit. dis! "=id×
.

.

It suffices to show s
"
d!
"

idpx
. .

We give an explicit simplicial homotopy

Ens- fi.] t.EE?a.:Xn.+ , →Xntl)

where tea is induced by the map Ya:[nth
- cutD

defied by jt , if acj 1=0

Ealjti) = ( o if acj) -- o or

"

j= -l . D

Rink : There is a sequence of simplicial sets
1.X.
So
px
.

di'"×X
,
→ -s

.



Example : Let X
.

-
- w s!"8 regarded

as a functor DOP→ Wald
D
"

Cn) 1-wSh S.G
'

Then this sequence is

ws.to - Pws .
"'s - ws:b ④

and it factors through w so 5.8 = * .
Also
,

(Pws.
"'S l - lwsos.El - * .

Goal : Prove that ④ is a homotopy fiber

sequence . Consequently , there
is a homotopy equivalence

lws.to/-Felws.'
"

61

and replacing 8 with S?
'

b
,

iwsiiihulws
.

""'d
for all n Z l . So this would imply

Theorem 1
. Again , we will prove

a more

general statement and this needs

more setup .

f

Det : Let AUB be amp
in Wald

and let 5. (AID) be defined as the

pullback g. cats) → P 5.B

t s
.
f t

s . A
→ s

.
B



Un packing this , we observe
that there

are pull back diagrams

SnCAIB)→ Sn + ,B
ht l

t
Snf
I do

5nA → SNB

for each n and

Sn CAI B) I Sn ASYBSNHB .

Also
,
Sn CAI D) is a Wal d hause

-

category
in an evident way .

We also have functors
Solis. B
→

Be
. ,

Soot , B

¥¥t I
"""
"

ta:
"

.

S
.

A
→

S
.
B

S
.

t

so there is a seque- c e

B-S
.

CAI B) IS .

A
.

→ so
-



theorem .
The sequence

IN.ws .B)→ IN.ws?IAuBI/nlN.5:' call

is a homotopy fiber sequence .

To prove this , we
first need a le---

tenma:(Poppe] Let X
. .
- Y

. .

-Z
. .

be a

sequence of bisimplicial sets so that X. .
- Z

. .

is constant
. Suppose that

IX. nt-lY.nXIZ.nl
is a homotopy fiber sequence for each n a-d

Z
. n
is connected for each n . Then

IX.
.
I - I Y

. .
I- 17

. .
I

is a homotopy fiber sequence .

Pref : See Lem- a 5.2 in WaldLa-Sen

"Generalized free Products
"

for example .



Proof of Thin 2 .
-

By the lemma above , it suffices
to prove that

lws.IS/-lwS.SnLAIB)l-lwS.SnAl

is a homotopy fiber sequence
since IN.wSoSnAl txt .

Wewill use the additivity theorem to prove that this

sequence is homotopy equivalent to the
trivial homotopy

fiber sequence ; i - e

Iws
.

Bl -7 lws.sn CAI B)l
- Iws . 5nA I

11 t T is µ

lws.is/-Iws.BlxlwS.SnAleluS.SnAl

An object in
Sn ( AIB) is a pair

TB( Ao ,X . . .>→ Aon B M - -
- o

,
htt

I 0,1

Such that

f- (Aoi)>→ . . .
>u f ( Aon)

lls
lls

Bo
,2/130

,
,M . . .

H Bort '/Bo
,
, .

Let 8
'

e Sn (AIB) beta full subcategory

with objects id id

( O )- Ote . . . No ,
Bo
,
it - - -

H Bo
,
at'

( Note : Bo .it#o,fo--fCo7V- I e j en)



and let

f
"

E SnlAti B)

be the full subcategory
with objects

( Ao
,
,H - -
* Ao

,
n
,
on Bo ,zH . . .

H Bo
,

(so HAO.in . . .

?
#om) )

lls lls

Bo
,
eh - .

. ) Bo
,
ht '

Then clearly there are equivalences
of

categories

BIL
' and 5nA 8

"

.

Defile a cofiber equeue of exact

functors

j ' rid uj
"
: Snafu B) - snot ,

B)

where j ' takes values in G
'

and j
" takes values in 8

"

by



j ' ( A
. . ,B . .) = (on . ..

no
,
Bo

,

pied
.. .

it Bo
,
d

id (A
. . ,B . .)

= ( A
.
. .
B
. .
)

j
"

( A . . ,B . .)=(Aom ...- Aom , on#Aoi)H .. .HfCAo,n))

By the additivity theorem ,

j 's + j : eid : IN.ws.snCAI B) I-IN.ws. AIB!
Kcs'niAmB)) KC 's:(AMB))

There is an exact functor
-

↳
Snax B r-swsn.CA

'T B)

(Ao
,
is?

.
.tl Agn , B) M ( Ao.IM .-

"Ao ,h ,

BHBVHAo.HBVHA.pl?.HDvflAoinl)
(Ao

,
1H

. ..

H Aom
,
Boi) (Ao .pt . .-H Ao , n ,
↳

Bo
,
,H . .
.tl Bo ,nt ')

sit . So r=idgnA×B
.

sit . . . .



Note that

ro s ( Ao
,
,
H

- ..
71 Ao , - ,

Bo
,
it

. --

H Bo
,

htt

l l

r ( Ao
,
,M . -.
H Ao

,
n
,
Bo

,
i)

11

( Ao ,H . . .
H Aom ,

Bo
, .tt#toYVBo,H-..MfCAo

,
n) v Bo , '

II
' l ll

j v j

so by the additivity
theorem

E id DBose IN.ws.sn/AeB)l



It . A universal property of algebraicK-theory

Algebraic K -theory is the universal
additive

functor equipped with a natural transformation

obb -Kcb) .

Our goal will be to make this precise .

Definition A global Euler characteristic-

is a pair (E ,X) where
E is a functor

→ Top (=
compactly generated

E- Wald we;gkItysdorH
)

and X : old- )- Et)
is a natural transformation

satisfying
1) The canonical map

EC toxD)→ Ecb) xECD)

is a homotopy equivalence ,
2) The canonical functor

S : B-w Arrey)

C 1- idc

induces a homotopy equivalence

ECG) EE (w Arrey))

3
.
The Additivity theorem holds

4
.
The space ECG) is a group

- like H- space

with multiplication

ECG) xEcb) Elsie)→ ECB)

(idol
, ,%)

Cd .),



In what se-se is CE
,
X) a global

Euler characteristic
?

Given an cofiber sequence

c's- c
"

>- c

in 8
,
natural .

-

ty gives

obcsib)- E ( 528) ← is z

(dil . I t Cd :b
Ob Cb )- ECE)

So

Xycc
') +Xycc) =XqCc

")

by additivity .



Note : In fact ,
IKtf) forms a

symmetric spectrum .

For this section
,

wewrite of

kob) : -- 141kt))

where E

W : Sp I Top
: E
'

→

an adjunction .

Example : Kcb) is an additive

factor - l

Xun obb → Kcb)

glen by the adjoint

obb = Bub- KC-67=11 N.ws.81

to the nap

Bub 's
'
= IN.ws.b/c

,,
- IN.ws .81

H T i - skeleton

II.Bus :b xD .



Det : A map
of global Euler character.lt

.is

is a naturaltransformation: E ⇒ F such that

XEf°b
"

F
↳- utes .

EC-I

g- FC
- I

we say y : E ⇒ F is a homotopy

equivalence if

4g:ECU)
E FCB) is a

honesty> y equivalence
for all 8 inWald .

Then let Eui be the category

of Euler characteristics wet

Hotel) (E.F) = Ecl ( E.
F K
htpy
equiv.



The [Steine)

Algebraic K-theory CK
,
X) is the

initial object in Ho ( Eu))
.

Prootsketch : Glen a fuetor

F : Wald → s set

defile a spectrum
with n -th space

PEG = ho coli- IE
"

IF Cws
.

-"

b)!
K C-I
→

Cut

of finite sets
and injective naps .

then defile

F-
add
:= Lo aol.LI

"

P Fnb
h f CN

Ex : 0576) =Kob) .



Prep : Faddis the additive approximation
to F

.

Proof sketch : Pwf is similar
to our

proof that 1- knee) is
additive

.

To see that Fadd is the initial

additive fretor equippedwith
a

natural trans formation

FC- I -Faddy ,

requires using the homotopy
category

Ho (Eve) ii. e . any
two initial

objects in Eul are Laotopy equivalent
.


