
Lecture 6 :

Quillen 's Theorem A t B



I
.
Motivation

The t -construction
model for

algebraic K - theory
is very explicit ,

but it has some
disadvantages

4) It is only defined for

rigs and not more general
categories

(2) It doesn't have all the

factorial ity we want .

From the definition of Ko ,
we

see that algebraic K -theory
should take a category as input .

Either a symmetric monoidal category,

an exact category or a

Waldhauser category .



To for shadow
,

Quillen 's

Q - construction for algebraic

K - theory takes an
exact category

G as input ,
produces a category

Qb ad then we
define

KCB) =L IN . 1

This recovers the t -construction

model when ( fin . ge- prog
'

.

modules

of= PCR) and all maps
of f.L . ge-

pry
'

.

modules .

)

Def: Wwe-D is a swell category ,

BD : = IN .Dl
.



So properties of BD will
be

important
to the subject .

Recall : Give- functors

S
T

t - b c-B

we can form a category
SIT

with objects cut obA , beDbB , d
: scaleTlb)

)

nd morphisms Ca
,
b
,
a) u ca'

.
's
'

,
d
' ) siren

by f : a-sa
'

, g:b
→ b

,
scat

'

Sla
'

)

at A ta
'

Tcb ) - T (b
' )

Tcg)
Ex :

D y
'

y
'

co, Big :
-

- idly
Y i idgl if

'
: = y tidy

'

z) co) -I c- y

3) yet y' co) fly :-. f- dy

y f f n

y f4) co)- Y
'
← if ya .

= d



I Basic ipoperties of classifyingr_
spaces of categories
-

1 : suppose f.g :8-D

are functors and y : f ⇒ g is a

natural transformation
.
Then there

is a homotopy

H : BEXI
-BD

from Bf to By .

Pref : A natural transformation defines

a fuetor Exc
.) -D

( c
,
o) 1- fcc)

(c , i) 1-1 g
cc)

Cc
,
oui) 1- Yc : fcc)

- gcc)

Then N
.
@xn) IN .yx D

' and so

136×13) I 138 XI by
Milnor 's theorem

and H : B8xIEB@xc.s) - BD
is

a homotopy from Bf to Bg .



Lenin : Suppose f : I-D
has

either a left adjoint or a right

adjoint
,
then f induces

a homotopy

equivalence Bf : D8
Ee BD

.

Proof : suppose f has a
left adjoint g

without loss of generality .
Then

there are natural transformations

4 : idp - fog and e : got reidy

inducing houotopie S

H
,

'

. BDXI - BD

from id
BD
to Bto Bg

and

Hz : Bb x I - Bb

from Bg o Bf = id By .



L : suppose tf has an initial

or terminal object , then BL t
*

.

Proof
-

'

.

If B hes an initial object O

( resp . terminal object 1 ) then the

fire for

cos → Y

o- O ( resp 1)

has a left adjoint ( resp . right adjoint .)

So by Lem-a 1
,

BE = Ben = # .



IT Quillen's Theorem A

Lemmy : Give- a bisinplicial space

X
. .

: A
" xD" -Top

,
there

are homeomorphisms

I cpsi-lxp.li/=le3telx.ellE/cn3l-Xnn/
.

Definition : Let Tuff) be the

category with objects

ob Tw Cf) = idyiff 5- Cat.BE
"

,

be obb
,

and morphing
L : auf Cb)

Ca
,
b

,
a : a- fcb)) - ca

'

,
b
'

,
d
'
: a
'
- f- Cbl ))

given by a

( U '- a - a '
,
v : b

'
-b

,

a -
f Cb ) )

Y f n p farl
a
'
→ fcb ' )

L
'



Theorem A
-

Suppose f : Y
- f

'

is a functor ad

suppose tf y goby
' there is a homotopy

equivalence Byatt *

then Bf : BG - Bb
'

is a homotopy equivalence .

trot : consider the span

@
' l
" it

,

yoArrff ) -

b ←I ca ,b ,
a : aufCb))T h

of categories .

We form a
bishplical

set T
.
.
.

w/ Cp , q) - simplices

( Yp - Yp -T .
.
? You f- (Xo) , Xor

X
,
e

. -

-a Xq )

where face maps I p t q direction are

g.hnby composition and degeneracies are

given by inserting identities .



Then

Tpp = (Yp-Yp -T . .

n Yo - f-exo ) , Xo
-Xi..

-kg)

which is the sue data as a triple

(Yp→ p -T . ..

' Yo
,
KorX T

. . .

' X 9 ,

Y p t Yp - i n - -,

t Yo

t t t d )
fcxp) . . ← fuk- feed

or in other words
1cm -Tnn) ± ITWCHI

There are also natural maps

Np@
'

l" c- Tp
, q
→ Neb

of bisimplicial sets .

Taking geom .

realization in the p
- direction

we have a rep
of simplicial spaces
of

.io#...x.Bd-cxoiH-...Yx.....iie--Ne8



And fix.pk
'

) has an initial

object so

BLfcx.it
'

) " I Bf⇒b
'

= *

Since both sides are proper
simplicial

spaces
,
this level wise weak equivde-I

induces a weak equivalence

lies-ftp.ell-IN.LI ,
but since both sites are CW

couple lies th .) is ahomotopy

equivalence by
Whitehead's the ore- .

So

(Tw (f) I =/ N .81 .



Consider -Y the realization of

of the map Np
"
← Tp , q

in the q - direction produces a nap

1 By.lt - I *

YpYp -T .?Yo
YphYp -T .? Yo

11

But
, by assumption

Np (Cf
'
)
")

Byof = * for all yo tab 81 .

So by the same
considerations as before

Bye
'

)
"
e Bent )

.



Finally
,
we consider the diagram

Y
' OP
← Tw Cf) → I

did I f
' df

b
' "
c- Twlidyi) - B

'

Then we have a co-try d .

'

-gram

Bff
' )" Btw f
I BE

{Bt
si t -

B@ 'l
"

B Cidg ,) Bb
'

where e-ch arrow decorated by

= is a hero top y equivalence .

So Df is a homotopy equivalence .



Special case :

Glen a functor f :GUD

let f-
'

(y) be the full sub category of tf

w/ objects x c-obb sit . fCxl=y .

We say f- is pre
-fibered (resp. pre -cofibered)

if the Cameron .
-

Cal functor

f-
'
Cy) - yet

×1- (x , y ,
yindtfcx ))

has a left adjoint ( x.v) term
called

base change ( resp . right adjoint
(X,v) in V. X called abase change )

so v. : f-
'
te't n f

-Yy) (resp . b : f-
'
ly ! )-f

-

Yy))

are factors . We
say
f is fibered

(resp
.

cofibered) if vseowo -5 ow)

C. resp . Vos Owo cvowhe



Co If f :& →D is

pre - fibered car pre - cof.be red)

and Bf
- '
ly) =p for- all y to

th n
.

Bf : BE BD is a

homotopy equivalence .

Pirot : By Lemma 2 ,

B. f-
'

Cy) I Bylf

so the result follows by

Theorem A
.



II Quillen 's Theorem B

we now prove a moregeneral

result that measures the

failureof the nep Bf : D8uBb
'

to be a week equivalence .

Det : we say

X- y

/ f,
is a htpy pull back

L f
z -w

the map Xu h PB is a weak

equivalence ( it ,X
E Heh PB )

where HPD is the pullback
ttk > °

HPB → w
±

In W

t t d w
" "
-wxw

Z xx u w xW so
,
134 IN

fxg



g
If z = *

,
we say Yew

is a quasi -fibration if

g-
'

(w) eh PB = : Fiblg) .

theorems Let f : buy
'

be a functor such that for every

nap v : y- y
' th induced factor

✓
if : yet -yilf induces ahomotopy

equivalence Butt
: Bly-f )
- By it .

Then for every y e- 81 ,
there is a

homotopy pullback

By tf
- BL

f Bt

* a- Byte ' -eBb '

.



Consequently , there is a long
exact

seq ve-K in homotopy

→ IT ; + ,
(By't , I)

t IT
it ,
(BY

,
x) hit ;D to

'

,
y)

t
'IT; (Bff ,

E)4 IT ; 1138 ,
x)n it ; 1136

'

,
Y)

←
where x E ob f

-

Yy) and

I = Cx
,
id
; text - y
)

we will prove Theorem
B assuming

The follow .ly ten-a .

Lennie: Under the hypotheses of

Theorem B
,
Baz : BTW tf)

-B 181)
"

is a quasi - fibration
for a-y functor

f : Let
'

.



Proof of Theorem B assuming
-

thelema
consider the diagram

( x , y#xD IN Lx , y , ye
text)

yl f
- Tw Cf) -1 B

f f f
' tf

yl'd → twcidy.)→
b

'

t t
co)-y Y

'

So the diagram

By't- B8

I t f
* = Bylb

' Ii Bb '

is a homotopy pull back .



Corollary
-

:

Suppose f : buy
' is pre

- fibered

(resp . pre
- cot bead) and for all

v : yay
' in 8

'

( In Bb
' )

there is a homotopy equivalence

B VB : Bf
- 'cut E Bt -Kyi)

(resp . B.v. : Bf
- '

G) E Bt
- '
ly
'))

then Bf
- '
Cy) = Fib (Bt)

ad wehave a log exact segue-e

in homotopy

TiffBt't47,#tiffs 8.x
) -Hit itBb 'm )

-
IT
;
CBF

'

'm
,
x) - it ; (Bb, x)

ut;(13814??

for xtob f-
'
( y)

.


