
Lecture 7 : Covering spaces

and classifying spaces of

categories .



I .
Quasi - Fibration s and

①

Quillen's theorem B

To prove the key Iem-
a finishing

The proof of Quillen 's theorem B ,

we first need three tem-as

about
-

.

Lennox : Let p
: E UB be a continuous

map and let u
,
VfB be sub spaces

such that Etd and B . If

Plp- 'cu) , Plp-yr) ,
o-d Plp-Yun)

are fibrationS , then

p is a quasi
-fibration

.

( p : Er B quasi-fibration p

- '

Cb) - Fiblp ,b)

based map is aweak equivalent)



Lennart Let p : Erb be a
②

Continual nap onto B
,
let B

'
CB

be a subspace and let E
'

=p
- '( D

')
.

Suppose there isa fiber

preserving deformation#
E - E tf fo , D

t di.
t

B - B

such that

Do - id E ,
do - id B ,

D
,-
CE

') -- E
'

,

d
+
IB
'

) =D
' and D. IE)

CE
'

add
,
I B) CB

'

.

Additionally ,

assume that E'lb) - p

-
'

(dibs)
-

is a weak equivalence for all
BEB
,

then p is a
-fixation

.



- ③
Lemming ! Let p : Er B be

a continuous map . Assure B is

a CW complex with h - skeleton B;

and assure Plp-y, ;) is a quasi
-fib

.

8

-

for all i Io
,
then p is a

quasi
-fibration

.

Proof : Any subset of B

lies in Sone B ; , so any

subset of E lies in sore Ei =p
- '

(Bi?

Consequently
,
for any xt Bi , yep

- '

Ix)

In( E , p
- '

Cx) ; y
) Ecglimhnl Ej , i

- '
Ix) ;#

by & E Colin In LBJ ; x
)

-

I In (Bst)
. D



④

Lenya (Technical lemma forThinB)

Suppose I is a small category ud

X : I u Top is a functor

Define aeXI

with h - six lice s

Cn) i- I X Cio)
.

ion . . .

u in E Nn II)

Assume Xli ) exc; ) is a weak equivalence
for all in ,

'

in I
.

Then the canonical map of sihplicid

spaces
(XI)

.

- N
.
I

induces a quasi -fibration

1 XI l -BI .



Prout : By Lemma 3
,
it suffices

⑤

to check that

IT

HII -1 (BI ) , is a quasi
- fibration

P

for all p Zo .

On O - cells

this is a trivial quasi - fibration

We then induct up the cells
.

Assume that

Http
. ,
- ④ Ilp - i
-

is a quasi - fibration .



We then consider the map of ⑥
p-shorts

12lb'T x Xio→ l XII p - l
ion

. .-Yip t NDplN.IT

I r
t

HIDY x Xiu - IXI Ip EP
- "
U

ion
. .iptNDplNE) I

=X;

I 21AM → BI
,
. . .

Pti )

iou.ir :p
no

,
.in.IT/uttzioboiefI
I ID

" ) → BI
,
2. u

iii.a :p 'BIO ;¥fI
In .

NDPCN .I)



Then let U be BI ,
with the barycenter

(Ex : Do) of each p - cell
removed and

let V -- BIP - BIP - i .

Then
⑦

Vvv --BIP
and Un VEX .

Since BI
,
- BIP . , I I IDPI - 21151

at The nap
in - tip

14lb" lxxio) - lslnilxxio))
in

. .nip is

/ 14AM -JIN't)xXio
v io-- -dip

I ID
"
I -21151 fit : lXIlptBIp)

io' . -nip quasi -

is a
trivial fibration ,

Ukhov Tlv
and Then we quasi -fibration .



It therefore suffices to check ⑧

that IT / is a quasi fibration
it
- '

cu)

by Lem-a 1
.

We construct a fiber preserving definition

p

- '

cu) → u

at th. H¥e
p
- '
( v) - V w/ d

,
cu ) ' CBI)p - I

by considering a radial detonation

of each p - cell onto The boundary .

We need to show ×1
- I

µ

Til
- '

(x) -TH lol ,ex))
Pks p

-'
as

is a weak equivalence
for all

Xf U by Lem-a 2 .



Our deformation taxes x
⑨

^ to Sone ett .

in

a loner cell

I Delay
,

'

y ijouiji.is
'

, d.ex)
NDQLN.IT

for ( Jo
,
.
. . ,iq3t% '

- P'

Thus
, ftp.Yfyl-xcio) and
→ i

'

" t, d. Cx ))=XCijo)

and the map
x.⇐ BIO

xio-pljtcxl-IFibll.lu ,x)
-
-Xi
; .

is induced by the up io- ijo

int which is a weak equivalence

by assumption .

D



Corollary : Glen a functor To tub!
⑧

- l Cpl#p , p I

then BTWH) - Bff )
' P

-

is a quasi - fibration whenever

vyf : ylf - yxf
induces

a weak equivalence

ByIf u y
' If

I 1

for all v : y -y
' il b .

Proof :

let X :@
'

I' '
'

→ Top be

Xcy) =ByH
.

Then apply the

previous le-uh .

This completes the proof of
Theorem B .



I Covering spaces ④
and the classify is

space of a category

(et b be a swell category . By a

morphism inverting factor F :be set
-

we mean afunctor that sends

all maps v : yay
' in 8 to

Def : TelArrey)
"

) is a category
satisfying the universal property

Fun Ibarra
'

)
,
Set)I Fun

"

(8
,
Set)

where Fun
'

tf , Set) E Funke ,
set)

is the full subcategory
ot

morphism inverting factors .



When b is a small category,
④

ICarly)
"

) is a group oid

( a small category where
all morphD-S

are invertible ) .

E x : b has a single object , then

Glancy
- 'I ]=G is a group regarded

as a category with
one object .

In this case G = Ys
" where I

is regarded as a tide .

A functor G-- f fancy
- ')) -Set

is then a G -set
-.



Thin : There is a- equivalence
④

of categories
FunC9CAri

'

]
,
Set)

( i ↳ roysoid

Cov CBE) F- Fun
'

Cb
,
set?

Proof we first specify
-

.

The functors i - each direction .

p
Given a cohering EuBf ,

we define

a fwetor E : f - Set

by Ex =p
- '

(x)

Easy, =p
- '

( x) -l P
-

ly )
.

By hypothesis , E×n, is
an iso

of sets for all x-Y in G .



④
E

Bt '- Ee , :b → Set

@

Now given a morphism inverting functor

f : E -set

we can post f : Gu Set ↳ Cat

with the inclusion of set in

the category of smell categories ,

sending a set S to the category

I w/ ob 1--5 Arr 1=5 -- Eid ,} .

We form the category conf
which is the category

of

cos Cut← set £8
.

oblcostf ) = ( ctob 8
,
* → fcc)) e-

B
V

,

c - C

( C
,
L : e - fcc)) u (c ' , d

'
: o - fcc ' ))

*
f y

fcc) - fcc
')



Lene . The map
④

Bait u Bb

induced by the fetor

(C
,
d :* - fcc)) i
- c

c ! :* ik :c .

is a .

Proof : Exercise (see Appendix
Gabriel-7in.)

Note : Both
of these constructions

are easily see-
to be

fu - Ltorial .

(id toe . For Eid )



We check that there is a
natural is o 160

E → Be.PE -
P d L
BY → BY

=

and a natural is o

b → b

(Bait)
- d IF
Set → set

=
•

First
,
define

→ Bait -E .

\,
f Eet Ea} E { * u Ec}
BY -

etEL, cc , * e- Ec)



Similarly
,
det.ie

④

id

G - to

[↳ sett
"

(Bcoyf)c=E * nice>3
It

F- Cc)

then the diagram

•
idea

(Banff - 1 If
Set - set

so id

B( co,f) - = f .



Core There
is an isomorphic
~ Aut Cc)

IT
,
G
,
c) = GIANT
-

-

-

wewill use this to identity

ToldBQPLRD-- IT , CBQPCR))

with Ko CR) where
-

PCR) = frilly generated org
'

am
& naps

of finitely

Ko XBGLCR)t
generated prog

'

.

T

KCR) = lBR)
exact category NII"gory



HT Ko of an exact ④
-

-

category

Det '. An Ab -enriched category
-

is a category b w I

Homycc , c
' ) E Ab

for all c
,
c
' C- obb .

We say an
Ab -enriched category

additive category ifis an
#

it is closed under finite

co products . ( consequently ,

it has a Zero object O and

all finite biproducts
denoted ④ . )



Def : we say an additive

abelian
category is an-

category if it is
closed

under finite limits
& coli- its

and every nap
f : AaB

factors as

p
n i

A- cokerlkerHFkerccokerfl.ee B
Tapi J

SO we can write
mono

A - int - B .



Det : An exact category A is ④
-

an additive sub category
of an abelian category b .

Such that whenever

ou XuYat - o

is antin 8

a- d x¥obA the- YEE .

Note: we don't have all kernels tookernels
-

Let E be be the class of

sequences
G - xx yes t - o &

in A where @ is exact ink .

In this
,

case we say x >-Y is

an simp and

YAZ is anaib
.



Examples :
④

• Any abelian category
is an

C-Mode
exact category

• PCR) finitely generated all

Mj . R -nodules exact

sequences(
[Mode split .

• MCR) fitly generated
R - nodules

{
families of

vector spaces
parametrized by

X

• VBCX) vector bundles overX

X a space

C-
Ox-hoodies

• VB (x) = algebraic vector bundles

X a scheme



Small

Det : Given a
" exact category
Small

A define ④

Koot) = ZI iso A]

team )
where

o- a
→ e
-

EE

Ex : A spli#

is an exact category A

in which every exact

Sequence splits
c-

O - A - B t C - O
,

us

A-① C

In this case ,

Ko (A) = KTLA)



④
"

Ko (pm) =ko④(PCR))
" "

Zlfiso PCR)) 219so PCM
)

CA
-fi? ¢ .at#-CAeocD


