
Lecture l :

The Grothendieck group



①
I

.
Motivation

R associative unital ring

knCR) is an abelian group

Ifor all ht 21

Examples 1 Applications
:

Kntv) geometric
• 12=2116) ~) topology
integral group

ring KNCOF)

• R = Of ~) Number

F number field
theory

OF ring of integers
Knl""

• R = K Cx , y ) ~) Algebraic
✓ ) geometry

k a field
#9)



It is useful
②

to replace R by

a category of modules

over R PCR) where

Ob PCR)={
iso

.

classes of

fin
. gcn ,

y
a

nor PCR) isomorphisms }
and replace Khun

with a space
-

KCR)

such that
-

In KCR) = kn CR)

B



Classically
,
though

③

Ko
,
Ki

,
Kz were

defied purely algebraically .

We will begin by

telling this story ; i. e

the story of algebraic

K-theory from

1950 - 1971 -



I The Grothendieck group
④

In the late 1950 's
,

Grothendieck defined

Ko to generalize the

| Riemann -Roch theorem
to varieties

.

To do this

one needs to not just

consider vector spaces,

but virtual vector spaces

for example .



This is formalized
⑤

us.us#jGrothendieck group
s

To define this at the

right level of generality ,
we need the notion

of a

symmetric monoidal
category .

This abstracts the structure

present in (Ab , ,
21)

.



⑥

Det : A symmetric monoidal

category CG, ④ ,
I) consists of

a category
B a functor

④ :b XU - Y-
a unit object I

and

natural isomorphisms
" a-

,
-

,
-

:C- ④ -I ④HE - ④ C- ④ -1
=

2) c) ④ I -7 C - I

31¥ ! →EH

4) Be
,=

! f) ④E) f)④t)

satisfying several commuting

diagrams ( see Detail)



Example :
"III: Hid'¥÷! i

← symmetric
( PCR) ,④ ,

o) monoidal
category

(symmetric)
( PCM , ,

R) monoidal

(R commutative
.

) category

Def : X Cw complex k=lK , Cl
K - vector

VBKLX) obVB.sk# bundles
over K

nor VBKCX) isos

Example : symmetric monoidal

(VB,dx) ,① ,
o)
.

(VBKHY
,

)

→ Irvin
Whitney sum tensor bundle

product
of vectorbundles



Def: obf.in iso daises of ⑧

Fin finite sets

morfin isomorphisms

Examples : symmetric
monoidal

( fin
,
I
,
d ) (Fin gx ,

* )

Def :
k field

Rep,dG)= PCKCG))

Examples Symmetric!

monoidal categories

( Repetto) ,④, o) ( Rep
K)

C



Def : A commutative monoid
⑨

in Cb
,
④ it) is an object M

in b an operation

n : M ④M- M

and a
unit map

Y : I - m

satisfying
commutative diagrams

1) u idm 2) yxoidm idmxoy
M④m ④mum-0M

µ -
Nexon←M

ignored In X fuk
m@mum M

n Bm ,m
3) M④M → M④M

my meter



When (Yo
,
④

,
1) = ( set

,
x

,
*) ④

we simply call a ( commutative)

monoid in CS et
,
X
,
*)

a Commutative) monoid .

Ex: C commutative) monoids

• ( PCR)
,
①

,

o) (PCR)
,
④
,
R)

→ Commutative when

R is commutative

• ( VBKCX) ,④,
O ) ( VB,dX) , ④ ,

k)

• (Fina, 1,01 (Fino , x , * )

• ( Rep 0,0) (Report , ④,
K)



Construction : Let cm
,
t
,
o) be

commutative monoid
.

Then

gp
M = MxAyn

where

(m
, ,
hi) n (m2

,
h z)

where Mz
= m

,
t p

n z
= h

,
t p

for some p EM .

"
m

''

f
-

-
h
hit

gpThen M is an abelian

group .



The construction has a ④

Universal property

written as
+

→ M
.

M '

A\A E Ab
(Mon

or

,
in other words

.

,

there is an adjunction

exhibited
by the natural

isomorphism

Hoff.cn?MiA)=HomablMTA) .



There is another construction
'⑦

that clearly has the

same universal property .

Let Fcm) be the free

abelian group on
cm)

where m E M and quotient

by the free abelian group on

the relations

[mt n) -cm] - Cn)

denoted RCM)

Det :
Msp = FCMYR cm) .



We can how defile algebraic ④

K - theory in degree zero .

Def : Let R be an assoc . unital rig

④ gp

KIR) = (PCR) , to ,

o)

More generally , let Me
,
④
,
I )

be a small symmetric monoidal

category .

We may regard it

as a commutative monoid inset

Def :

④

Kolb) =@ ④
,
1)
SP



Examples :
150

Ko(VB
@
Cx)) E Kuo Cx)

Ko (VB
*
Cx)) Ekoocx)

Ko (Fino) = A CG) Burnside .

rig off

ko (Rep,Ca))
=RCG) representation

ring

ko (Rep,×CG))
-

-ROCG)

Exercise : Prove that

Ko (2) I 21

(More generally ,

when R is aPID

or a local ring show KolRIE #)



III Applications ④

① Geometric topology
Let X be a Cw complex

and let k be a finite Cw

complex .
We say X

is dominated by k if

there is a nap

Mr
Xi k

S.t.

i or tide
.

In other words
,
X is a retract

in hoTop of K .



⑦

Example : M a compact topological

manifold then

M X X Cw complex

a-d

f- Cm) E Xo E X

T finite Cw complex
So M is dominated

by a finite Cw complex

and we can ask whether

M is the htpy type of

a finite Cw complex .

This will be true if M has a
triangulation

.



Given a ring
E we always ⑧

have a nap

Kota) - koCR)

¥
and when 12=20)

for G

s rap or R
commutative

Def :
then this is injective .

I OCR) = Coker ( Kock)
- Kock))

Q: If X is dominated by

a finite Cw complex

K
,
then is X the htpy

Type of a finite Cw complex?



⑥

The [wall 's finiteness obstruction)

Suppose X is dominated by

a finite Cw complex K

and G -- I.Cx) .

Then

there is an obstruction

class

wsx) E Ko (KC GD

such that

wcx) = o if and only

if X is homotopy

equivalent to a finite
( w complex

.

Ex: M compact manifold Wcm) =o .



② Number theory ④

Def : A Dedekind domain R

is an integral domain
sat

.

for all nontrivial ideals

JC I C R

there exists a- ideal K

in R such that IK-5 .

Ex : OF ring of integers in
a number field .

Iet : The ideal class group

of a dedekind domain R

is the quotient

( LCR) =EI :IcR3/~



where I ~J if
④

there exist x
, y e R

such that there is an

equality
x I = y J of subsets ofR

.

The
group structure is

the product of ideals .

Then : Let R be a Dedekind

domain
,
then there

is an isomorphism

Kol R) = Ce CR) .



②
The class group measures

the failure of unique

price factorization -

To see that this can pour- si
fail

,
consider ZCF5 ]

In this rig ,
(6) can

be written as a product
of prime ideals in two

ways

( I -Fs) (Hfs) = (6)
= (2) (s)

.

Example : ko Czar-53) I 2T ④ 242

2112 -- E Cl) , Cz , I
-85))



The : R commutative ring

with Krull diversion El
.

Ko CR) I [Spec 421,210 Pic ( R)

Kock) - [speech ,Z)

P 1-7 @c- dim
P④ Ref@g)
Rebekah

Weibel Corollary 2. 6.2"
K -book

"


