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. Proof of the

Additivity theorem
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Recollections

Let to be a Worldhausen category

gzcf
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If, ,→pf,→ It ,
>- B t c

( Self IAMB
→ c

,
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w Sab ( AND C
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A'ND'tc) 7 A >→ is → a

sit sit t 's

More generally , there is a functor
A't' B'→ c

'

S
.

:Wald →Waid
DOP

And
,
we define

Kcb) : = IN .ws .-61 .

The [Additivity ] The exact functor

Cdo
,
da) : 528 -8×8

induces a homotopy equivalence

Klsz6) EKG)xKlb) .



Equivalent formulations :

1) Given Waldhase- categories A
,
b
,
f.B

and fully faithful functors A-if c-B

The factor

Cdo
,
d
,
) : ECA,-6,13)
-AXB

induces a homotopy equivalence
KCBCA ,8,13)) ikCA)xKCB)

2) There is a homotopy equivalence

Edo)
,
vcdzl
.
=@b : KCSab) - Kcb) .

3) For any cofiber sequence

F 's- F → F
"
: Y

'
-f

of exact functors between WaldLarsen categories

there is a homotopy equivalence .

Ff v Fa
''

= F. : Kcb
') - K Cb)

4) The spectrum Kcb) = { Kahn
,
on : KCb) andKlein)

is an l-spectrum ; i.e . the maps

Kahn : = IN.ws!
"

-61 -711N .ws?tBI=:lKl8)n+ ,
are homotopy equivalences .

Today ,wewill prove
the additivity theorem .
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Proof of the Additivity theorem
-

We will first consider the special case where

Wcf is the minimal choice; i. e .
weak equivalences

are exactly the isomorphisms in 8 .

First
,
we show that this special case can be

reduced further .

Det : sub : - ob Snb .

Lemma : An exact functor f: 8- 81 between
-

categories with cofibrations induces a nap

fo : s
.
b - s

.
B
'

and a natural isomorphism y : f Eg between

two such functors induces a homotopy between

f-
*
a -d go . In particular, an exact equivalence

of categories induces a homotopy equivalence .

Pirot : Exercise

Hint: A simplicial homotopy X.xD
'
-Y
.
is equivalent

data to a natural transformation of functors

Dlc ,,
"
- D
"
-D

en) - in tech)T X n
H

meine → Yn



Core
.

: There is - homotopy equivalence

1*81 = IN
. .

-

so 5.8 I

pref : The functor

obb - isok

is an exact functor
of categories

with cofibrut ions and it is an equine
-
ee

of categories .

Therefore
,
the special case ns.8-isos.8

of the additivity theorem follows from

Proposition (Additivity special case)

The exact functor ( do
,
dz) : 528-18×8

induces a horotopvylequ.ae-
ee

(Idol
. ,
lad
.
) : ls.szyt-ls.to/xls.8l .



Next
,
we show why the additivity

theorem reduces to this special case .

Projet ( previous proposition implies additivity)

we define a full sub category
of

Cam
,Bible Cat ( Cns ,8)

whose objects take
values in Wb .

This clearly for- s a simplicial
WoldLarsen

category

cans
,
if
,
wtf) : A
"
- cat

.

We note that there
is an isomorphism

Npw Sq (Seb) E sq (Sz
Clem

,
8
,
wb))

of bisimplicial sets and also

Npwsqb E sq caps ,8,w8)

So applying the previous proposition
to Cdp)

,
8,1) implies the

additivity
theorem . D



It therefore suffices to prove the

proposition .

This requires three ten- ons .

LemmaA_ Let y c- Yn and f :X-Y

a nap
of simplicial sets then

let fkn,u)

denote the pull back

fkn ,y) -
X

t. t ④
Dh -7 Y

.

Y

If fkn
,
y) is

contractible for every

Cn , y) , then
Xey is a homotopy

equine- cc .

Leia If for every
a: asean, in

D

G-d every ytyn The induced nap

fkn,ah)
→ fkn

,
y)

is a homotopy equivalence , the
- for every

(nil) the pullback ④ is a homotopy pullback .



too : Recall that she- ga Sir plicial

set y we can form the category

Iq,
ob Bly : DIY

m
a n

Dlylismuy, g
" Ty)

D - D

y
') TY

i. e
. dry = y

' Y
.

This defies a functor

Df c

.

Set
D
"

- cat
.

This functor preserves pullbacks , so

Dffkn.yDI@Iflkn.y)

we therefore apply D l - to the

diagram flair - Y
1-

'

y
Dh-

and the- apply Quillen's the ore- H

and Quillen's theorem B .



Lenya [Technical le
--e)

The exact functor do : 528 if

induces a nap of simplicial sets

(do)
.

: s
.
Sif - s .b

satisfying the hypotheses
of lemma B .

Proof of Proposition assuming
the

-

Three lemmas
-

.

Note that so 8 =p so by the three
lemurs

we have a homotopy fiber sequence

tho
,
.,
- s

.

scolded:S

and by inspection

tho
,.
,
= s
.
Sib here six e sie

is the full subcategory on objects
of the

form
o- B E B .

Thus
,
there

is a homotopy equivalence
j : s . 8 - f ko ,o) .



we therefore have a herotopyeq - irate -Ce

%
,
.)
- s

.
528 - s

.

I

SIT ; Tid Tid

s
.
8 - s . Sif- s

.

8

and a map of
fiber sequences

s
.
b - s

.
528 - s

.

8

11 1941 . H

s -b - s.Yxs
.
B - s

.

I

where

v : text → Sif is the

exact functor sending
CA
,B) re CAM AVBX B

)

consequently
,

(Vb : I s.si/-ls.8lxls.8I

is a homotopy equivalence .

Since

(Cdd.it#Cvb=id1..e.,x1s.y, this inplies

( Cdo)
.
,
It
.

) is also ahomotopy
equivalence .



Finally
,
we prove the technical

le--a .

Proof of technical ten-a
-

For every y
t Snb and every nap

w: C n)- cm)
in D

,
we
need to show

that the indeed wep

wa : tk.w.int/cn.ul
is h homotopy equivalence .

Any
such

w can be embedded in a triangle
w

Cn) - cm)

at Tv
( o)

So it suffices to prove the
result for maps

of the form

Vi : co)
- Cn)

Sendig o to i
.

Let go be the wig- e o - suplex
of s

. if



It suffices to show the induced nap

Cirilo : tho
,
,
→ fkn , y

')

is a homotopy equivalence for
each y

'
c-Sub .

To do this
,

we define a left inverse

T : fkn
,
yay
→ s

.

I

to the composite
w ;),

s . -6 f- foie)
- fkn

, y
' )

So that poljo evil .) = ids.ee .

We will

then show that

( jokily) op = idfqn.us , which

i- plies that crit , is a honest op y equivalence .

Note that

sank to =obSz(Smile)

6

A'* A → A
"

sit . A.A
'

,A
"

: Arran))- G

and for all f : Ci) - C- 7

A
' CHA A cot → A

"

co)
.



Therefore
,
an

m
- siydex of fkn ,y.)

is a - n-stylet
A'MAMA

"
E Sm Silo = obszsmhf

a-d a -ap G : cm) → Cn)

set - Al is the cargosite

At : Arras) ^
'

Arr cans) to &

and

Cda)
,
: smsib-obszsid-smb-obsn.to

Satisfies

(A'HAHA
" ) II A

"

.

This induces a --P
(dot,

P : fkn
. ,
l
.

- s- Sif → sub

¥
,
#I
#

so

•ya
' 'ilA " 1- a

" @ilgj.loP-i.d.i.y
n

-

↳
→ a

'' A'
'f



We just - need to show

polvil.gj-idfhn.gl .

First
,
we gie an explit step licia

! homotopy

equivalence
D
"

I do

where D
"
→Do contracts D

"

to ite last vertex .

This is g ien by a natural transformation
of

factors

H : Aaj
"
-in
"

Set

(m) - cc) 1- Cm)- Ho- C en) ,
C-7)

D

to itself ?

Dai! → Natch ,5)

v -- Cn) - CIT th ((u :[us - cm) 1- hi :c-7¥
where I is defied as

the composite
(v.v) w

J : Cms - , en>xas→ en)

where
w Cj , o) = j y o E j E n -

w Cj , i) =
n



'

"
I
" - If →YEAH

It
is -4, y so y b

"
- y

Po@ilpoj )

thin IF thin
-

id
f hmu) It

an
D
"

IH
-

id,j

fkn ,y, xD
'
.

- -
- I fkn ,

yl

t t
Ix D

'

- D
"

In other words,
we
will show Thet

we can lift his hereto py
to a

h-topypokilsoj-idfqn.ci)



Such a homotopy

H
'

: Ah ,;
"
- Nat ( fkn .it/fk,il)

sends ( A's-A-A
' ! u : casein)

(v : Cns- Cs) rt ( A' : Arran,)nArrKH

T t' '

v b )

TA'→AXE
"

:O :mucus)

where J is defiled as before
( A ! Armani)

-

f Arai)

wetherfor need to say
Arden))

how to co-struct A
'
-A nett

" t

from A'D A → A
" and J .

& )

Since Arlo)

F
'
: Arras)

→ Arrears) → 8

this port is
forced

.

We therefore
defile

A- as the push out
A ' s- A

and A
' '

as the

I pushout A-
'MA

t t r tu
it
' FTA to ,- A .



To make this co-putts le with
all of

The other structure ,
we need explicit

choices of pushout such that

1) It is the objeept ,

(This implies that at ie
- applying

face ad dose- era Cy reps

sie - sub

we still have
a pushout .

)

z) i f A' -A
'

is id Al
,

we

insist that A -E is id A
,

3) if A = o
,
we insist that

A- A is the nap AT A
"
sothat

A- Is A →F
"

"

use

''

a'
' id

'

a'"
.

By building these choices
into the definition

of A
'
⇒ I →I'

'

,
all compatibility hotdog.


