
Lecture 4 :

Simplicial Methods



I
. Simplicial objects .

①

Iet ' . Let Ord be the category

of finite totally ordered sets

a-d order preserving naps .

Let 1)⇒Kord
.

Then ob D= Ecn) : n 303

E =
category of

Note : D Cat smell categories

[n) II O - It . . .u n

So a nap as rent
in D

is a factor . All morphisms

in D are generated by

functors

f ni : [ n ) I Cnt I) o sich

Crj : Intl) I CNT oejeh
h
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Exercise : Show that
③

these satisfy the identities

1) sniosiiisinosiiiitis'

Honi sings it is
'

g
iden, if i

-

- j , jtl

sin?on it is it '
giogiagiogit ' if iej

3) sings! - sin
.

isnt ' it is ;

for all n ,
i
,j z o

scathe formulas are
sensible .
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Def : Let 6 be a category
.④

A simplicial object in G is

a functor

X
.

:D
" - 6

.

A map of simplicial objects
inG

f : X
.

u Y
.

is a natural transformation .

A cosimplicial object in tf

is a functor

D- b .

A map of cosimplicial objects
in 8 is a natural transformation .



Unpacking this, a simplicial
⑤

object in f consists of

a collection { Xn : n Zo }
of

objects in b
and morphisms

x÷÷x÷÷÷xi¥ . .
.

where we write

di - X. ( Si)

Si = X. Coi ) .

These satisfy the

simplicial identities .



1) d ; od ;
= dj . , od ;

it is j
⑥

⇒ dis ; =/
" "

ii.

'

,

Sj od i . ,
if i > jti

3) SioSj = Sj+ ios ;
it is j

Wh RL are the
obvious duals

of the identities

in D
.



Ex 1 : ⑦

{ Cns : n > o
) forms a

cosimplicial object in Cat

D- Cat

fu) l
- o

- l n 2- . .

- h

via the embedding D E
Cat .

Ex 2 :

Hong ,
Cns) : DOP - Set

d a simplicial set , which

we call

Dn --Hong C- ,
Chs)

.

( In fact
,
D
.

is a cosimplicial
simplicial set .)



The topological n - simplex ⑧

( Duty : = { Cto, ti , . - In) Eloi)
"! =D

This for- s a c. simplicial
o

'

,

topological space
with gas

di://.sn/-/gnti/
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. .

,
th)

(to
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Det : Let X be a topological
⑨

Space . Then

sing .CH : D
"
- set

Sinn (x) = Homto
,
! 15 ,

X)

Given a simplicial set Y
.

,

we

can form ZCY
.

] by functoriality .

Dot Ii set Ab
.

Then define

xoxo) EZCxiczc.x.se . -

by d
. := ioiidi .

Ex :

Hodzic sing .cm/--Hsi5cx;z)



Construction ' . Let to be a ④

Category .

We can consider

functors

in, - b ; ie .

Strings of co- posable morph
.ws

x. Ix ,
xzu . .

# xn

in L
.

By Ext , we can
form

simplicial set w/ n
- simplices

N b : = Fun ( en) , b)
h °

We call this the nerve of

the category G .



Ex : Let G be a discrete
④

group .

we can regard it

as a category with one object
* and morphism set

GC#
, #
I = G

.

The identity is a nap

y :*- G

and the gray operation
corresponds to co-position

Gcse
,
e) x GCap ) - Gcs , a)

"
'

II

n : GXG -I G

In this case
,
we can be

very explicit .
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E
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IIE
(write : E : G -se for the canonical

map to the terminal object

in Set
.

)
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"
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i
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Gi
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, Sjodin , . . . ,9nH
(91 ) . . .
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in

Si ( Si , . . . , Sn) = Csi , . . . ,9i - i , I , Siti , - - - in)



Note: This second definition
④

also makes sense . When G

is a topological group .

In

this case N
.

G is a

simplicial space .

( For shadowing ,

IN
.

Gl = BG

= KCG ,
i )

.

)



Construction : Given a simplicial
④

Space X
.

: D
"
- Top

we form the following

topological space IX. I called

the geometric realization

of X
. .

ix. t.nl#akxnY
~

where
I w) x Xu

has

h20

the
coprocket topology

and

~ is an equivalence relation .



The equivalence relation is
generated by

Cri x , y) ~ ( x
, siy
)

(Six , y ) n ( x , diy) .

Explicitly
,
IX. I is the

co equalizer Htt xidxm

I #lxxm IlDYxXn
Cn) f D

f : uan) ( Dh Ix Xf .

in D



Det: ( comma category ) ④

Let A ,B, 8 be categories

w/ functors

A- I 8 B

then (SIT) is a category

with

ob (SIT) = ( A ,B ,
h

,

)

A toba BfobB h : SCA) TCB)

SITKA
, ,Byh) ,

(Az
,
Bz

,
he))

U h
,

-SCB ,)( f : A .
- Az

, g
:B
,
-Bz

,
,

'A''

g
,

µ, )
SCA ,) - SCBZ)

hz



Yoneda X

Example : D -is Set * ⑦
chin Dn

write D DX
.

for the associated

comma category

An object in DIX .is a map D
"

- X
.

of simplicial sets .

Note ' . Hon
,
,e+fDn , Y .)

-
- Yu by the

Yoneda lemma .

A map in DIX . is a commuting
G-

triangle D
"
- D
"

where o is

↳ Xt induced by

[n) - cm) in D
.

Also
,
X
.

determines a functor

DIX
.

- Top

(15 - X .)- 1151
m

m

(' 11-1151-101
.



④

DIE .

[ Geometric Realization 2.0J

IX. I =
'Iim HY
DIX

.

Thin: There is an adjunction

-
Tl - l : s

Set
←

op : sing !- I

exhibited by the
natural isomorphism

Homtopllx . ' , 4)I Homssetx . ,
sing .LY?



④

Froot There are natural isomorphisms

Homi.pl/x.lid=Hon4jhiii?
"
,
"

Top

= lim Hom ( lait , Y)←

Top
D DX .

I cling singly)
DIX .

= life ×
.

Hosseini , sins .HN
Yoneda
I Hom ( coli- 15

, sing.CH
)

s set →
DIX .

⑧ I Hoursset ( X . , sing .CYD .



To see & note that
,
④

hocol.hn D
" satisfies the

DIX. universal property

( K m)-s hocolin Dh
D → A

DIX
. us

-
.
I

y L
-

-

→ X
." \

,

i
t

y
o

X
.

also satisfies the enteral

property of the colin .
't so

by abstract nonsense
there is

a natural isomorphism
n

broccoli- D E X
.

DIX .

D



Protects
④

Def : Given X. ,Y. ? D" u b
,

X. x Y
.

X
.

x Y
.

= DOP A
"
xD
"
-G

.

In particular, if

X.
,
Y
.

: DOP - set them

(X
.

x Y
.
)n= Xnxyn

d!
" "

?= ( di
"

, di
't )

six .": = ( six .
,
sit . )

.

Warning : There are more
non -degenerate n- simplices the-

products e. Its cxiel where both

are non degenerate .



Internal
②

Det : let

Hoy ( X . ,Y . ) :D
"
- Set

be the styli c id set

defied on n - simplices by

Ito ( x. ,4 .)@X-Honlx.xD:X .) .

Exercise: IX. I is a Cw complex .

We ca- Therefore co-Sider

I - l : s set - T
←

""II!¥e
weak
Hausdorf

Prep :[Milnor)
spaces :

IX. xY.IE/X.lxlY.linT .

Warning : Not always true in Top .



④
Prep : There is an adjunction

exhibited by a natural i.is o-orphan

Ho-ssefx.it/.iZ.)=Hgye+lx.,HonlY.f.DProof:When X
.

= Dm
.

How 15×4 . ,
Z
.
) - Hom ( Am

,
Hemu. .?;D

= HIM. A.)

by the Yoneda
lemma .

More generally
,
X. x Y

.

= colin D
" ) XY .(

DH
.

can +y .)= Colin

DIX.

So there are natural isomorph?-S

Hom (X. x Y
. ,
Z
.

) Elim Honlnix#Z.
←

DIX .

I l im Hom ( Dh , Hematic
!

atx
.

I Hom( X . ,Hoi (Y. it .) .



④
Recall : D

'
- Hogsett - I

'" )
. -s .

This takes the place of I

in homotopy theory .

Det : A simplicial homotopy

between f. g :X
.

-Y
.

is a map

H :X
.
xD

'
- Y ( Hif - g)

Such that

Ho ( idx
.

x do) = f- and do
! → . o

d

Ho (idx
.

xd
,)=g where

or

ix. xd ;

s

÷ :

Hofidx.×di) : X.xD -X.xD'e%
.

( di is the coface map
in the

Cosi-pliant simplicial set A- )



⑤

Det Let AI be the subsihplicid

set of D
"

generated by dik)

for itk
.

-
i II

,Ex : i
D

n

1¥
.
E .

o 0

We say X
.

is a Kan complex

it for every diagram

11!- X
.

OEKEH
.

^
(not necessarily

/ /
unique .)

- zh
✓
,

$



U o C K C h

-11k → N
.

-6

?

[ is. ! h fjx
§ r

'

-

. 7-
°

fog

Aja- X . oak - n

I 7

/ right weak Kan
(
n -

co-plex
D - Y

.

( o - category )



Ex : sing .CH is always a

④

Kan complex .

Ex : D
'

is not a
Kun

complex

z
f I

A-
o
-7 D

"
"

z .

- X
D

Is .±a
o'

¥-2 7

I¥
.

#



⑦

When Y
.

is a Kan complex

simplicial homotopy
between

naps

f
, g
: X

.

- Y
.

is an equivalence relation .

[X . .4.) = Hassett "
~

sieplicial
htpy equivalence

.

De The homotopy

category of simplicial sets

hdsfetlobfho.se#-fKanco-plexeB
is

HOIoqsetfx.it .)
-

- Cx
. ,4 .)



280

Proj ! The adjunction ( I - l
,
sing.C

- I )

induces an equivalence of categories

I - l : host set) hoku) : sing ! )

exhibited by a natural isomorphism

( IX . I ,
Y) I [ X.

,
sins .LY)) ,set

CW

for X. fobs Set , Y E ob
T

.

In particular , if H : f - g

is a simplicial homotopy
H : X.xD

'
- Y

.

between Kan co -flexes X. , Y .
IHI

then IX. 1×1 b'II IX. xD
' l- 14.1

is a homotopy between Ifl and lgl .


