
Lecture 5 :

The t - construction



I
.

Motivation

Kerraire originally defied
+

The construction M as

a way to construct a homotopy

sphere from a homology

sphere M
. Suppose M is

a smooth manifold and

Holm ;2) I A.(Sh ; Z) n 73
.

Then we know IT
,
M is a

perfect group Tim and Mt

has the property that
it
,

Mt=o

but H.cm ; e) EH,Cmt ;z)
so Mt is a homotopy n - sphere .



II. Quillen's t - construction K-theory

we defied a group GLCR
)

and last time we defined

its classifying space BGLCR)

which has the property
that

1) B GL CR) is a Cw complex

2) TKBGLCR) = f GL
CR) k=

'

o otherwise

In fact
,
BGLCR) is the unique space

upto homotopy equivalence with

these properties .



The construction BG LCR)
t

will have The property that

IT
,
BGLCRTIT , BGLCR)/N

where N is a perfect normal

subgroup . In our case
,
N = ECR)

so IT
,
BGLCR)t= GLCR#r,

" ki (R )

by construction .

Det : Let R be a. ring .

We

define the algebraic K -theory

space of R by

KCR) Ko CR) x BGL CRY
.

Moreover
,
kn CR) = In KCR) .



The t - construction of a based

path connected space
X

has the following properties :

i) it
,
Xt Et

,XIN

for sole perfect normal

2) The map
subgroup N of it ,X

Hodx , L)
- H
.
NFL)

is an isomorphism for any

ECT , X T
-module L .

Here Hocx , L) :
= H
.
( LEE
,

*
Hi")

where IT is the universal
.

cover of X .



Construction : we will forma relative

Cw complex txt ,x) by attaching

only 2- cells and 3-cells to X .

First
,
let LEI be aminimal set

of

generators
for Ns. IT ,X where

N is a perfect normal subgro.gs of

IT ,X .
Let f-

a
:S
'
-1 X be a

representative for LEN E. IT
,
X

.

Then

form the push out
*
Is

'
- X

LEI

t rt
ID
'

→ X ,

LEI

to define Xi .



Then

IT
,
X# IT

,XIN by construction

In homology , we have

HIX ,# Hits'M- H ,Cx ; x) Hix , ;z )
LEI

So X
, does

not have the desired

property . We then pass to
the

universal cover I , ad
take a pullback

I- I ,
d , t

X - X ,

then I will be a Galois covering corresponding

to N CIT ,X
with associated Galois

group I ,XIN .



n n

x - X
,

t ft
X - X

,

for each 2 - cell ad of the

relative Cw complex (X
, ,
X) there

is a collection of 2- cells it
-

yay) ot

( K , ,I) .

We know it ,
X acts

transitively on the 2- cells with

stabilizer IT,XIN , so

GCI ,I ;D I HIT ie)

is a free zcit.HN) -nodule

with generators [Ty) with of a

lift of ad .



we then form a diagram

TZI -TzI , -Tz (I , ,I)
- it
,
I

Hate ;xhHzti.us#Hzcxtnx;zdniIai ;D
"

where the vertical maps are
the

°

Hore- ie homeomorphism
ad the

rows are the long exact sequence

for a pair (K , ,

I)
.

We know

H
,
(E ; 2) E NEW

,
µ ,

= o since

N is perfect .

Also
,
it
,
I

,

=o So

T
z
#ME ttzlx , ;D .

Thus
,
there

is a surjection

TzI → Half ,; x) →HEY ,
I;D

.



For each CI) Eltz ( I , ,I ; K) ,
choose a lift CFI) thnx ,

represented by
Ia :S
'
-I

,

and let

s
,

:S
'
- I , Xi

.

Then we attach 3 -cells via

15- Xi
LEI

I r f
to form Xt

.

✓
+

I D3- X

LEI



Now we have to check th

desired properties .

Since we only attached 3 -cells

to X
,
toturn Xt

,

we still have

IT
,

Xt E IT
,
X

,
= IT

,XIN .

For the second property
,

consider

the square of pull back S

E - I
,

- It
t
, d , t

X- x
,
- Xt

.

Then C.(It , I ; z
) is concentrated

in degrees 2 ad 3
d

° - Gatt,I ;z) - Cz CI ; I ;z)
- o

where czcxnt,I;D I Hglxntx, ;D

GATTI ;2) I Hix , ,I ;2) .



and the boundary map d is

exactly the boundary map

Hzlnxt , XT)- Hack , ,I ;x)

for the long exact sequence of the

triple (It
,
I
, ,I) .

By construction,

this nap factors as

Hs(It , I , ;z
)

I?zCT ,I ;D
I

* HIT , ;
#

where 2 is the boundary up
for

the longexact sequence of

the pair C Y
, ,
It) and j

is induced by the canonical map

of pairs (I , , 0 ) - (I ,I) .



we consider the diagram

Tiz (
Xt) - Tiz (It ,I ,

) → IzXT

H
, t.pl - H,

fit
,
I ;x)
little;D

where again vertical naps
are

the Hvrewicz homomorphism
and rows are long exact sequences

of the pair (It
,
XT ) .

Let 151 be a 3 -cell of

K; I ) in ↳CITI ,)
I Hz(It

,
5
,
)

representing a basis element for the

free wit
,
x) -nodule Hz (It ,5 ,) .



Similarly
,
let Ig : fix ,

be

represent ire for a class ( Ia) fitzx,

corresponding to the attaching nap
six

,

for forming It from I , .

lifting fa : S2- Y , .

Then

by construction

Hzlxnt,I , ;x)
Ii Hack , ;D

sends 2C Cba)) = Cfa) .

Moreover
,
the

. map

Hix , ;D I HIT ,
I ;z)

sends Cfa) to Cana)
,

which is

a basis e It . for Hz (I , , I je)

as a free zcit
,
XI -nodule .



Since these are both free

ICI ,X) -nodules w/
basis indexed

by the she set
I
,
we have shown

the re p

d : Gutt , I ;z) -CIE ,
I ;z)

is an isomorph's
-

so

C. (It , I ; z
) is a cyclic

and L ④ C. (It ,
I ;D remains

21Gt
,
x)

acyclic .
Thus

Hofxt . x ; L)
II as desired .



Example :

Let Eh - { htt

Athey . .ms)
''

Artley . . ,hti3)

oi-oiss-yii.si , i
the defile

{ = E.En

Similarly, let An C- En

be the alternating group
ad define

A- = U An
.

Then
hzl

A C E is a perfect normal

ad Eq=zq .

subgroup

So
it
,

Et) -52112
.



thin [Barratt -Priddy-Quillen)

There is a- isomorphism

Tics : = continent , S
"

IT,
x BET)

.

Example:

consider BGLCR) with perfect

normal subgroup Ecp) <IT,
Gdp ) .

Then

KCR) = Kock) x BGLCR)
t

.



I Tk t - construction as

group completion .

In fact
,
BGLCR)
t
is

a commutative H -group

and it has the universal property

that given an H
- space y

with a -up BGLCR)-Y ,

then there exists an extension

- BG! CR)
h

Btl

, y

±



DEI. An H -space is a topological

space X with a continuous map

u: Xxx - X

od a unit map

e :* - X

such that the diagram
Xxe e xx

xxxx - x xx
← * xx

±, ten #d
x

commutes in trollop )
,
in

other words

ut
,
e) = id - ace

,
-)

.



Example :

14 is an H - space
- ith

* : ryxey
-14

give- by co -cato nation
of loops .

When X is an H - space ,
IT
,
X is an abelian group by

the Eckmann - Hilton argument .

Det : A commutative H - group
is an

H - space w/ an
inverse nap

i : Xs ×

Such that ( X
,
n
,
e

,
i ) forms

a co-mutative group object

in hotop) .



Obstruction
Let IX. A) be a relative CW complex

with finitely many cells

sit . A and X are based act path

connected
.

Consider the following

questions : Given a nap

f : A-I Y where y is path connected

1)When can we extend f- to
F

such That A- y
→ 7

the diagram / - commutes .

L -

- F
x

2) when is this choice unique
up to homotopy H : xxI - Y
rel A ?



The idea is to extend

inductively up the skeleton

o
f

Is
'

→ A -3 4
atI

, / ?
I - F

,
r
n

Its
'
- x

,

-

-

r r

LEI
f

'

F
/

c
-

e

15- Xz
- r

LtIr
f y

Fn

i r

¥
where Xk is the K - skeleton

of our relative Cw couplex

A
.

Since Y is path connected To Y
E O

and F
,
can be any

null homo topic
map sit . F

, I A= f .



To construct Fz
,
it turns out

the obstruction to extending

is detected by IT , in that

we can extend to X z i ft

there exists a group homomorphism

Q : IT
,
Xz 7 IT ,Y such that

IT
,
X
,
- IT

,
Y

7 commutes .

Et) d to
IT , Xz

Next
, suppose

we have ex ended to

Xz If Y
so there exists

Q : IT ,Xz
TT ,Y

Such that ¥ ) commutes
.



Then the obstruction to lifting
further to Xn lie in

htt

H (Xn
,
A

,
NY)

where we use
the fact that

In Y is a ZEIT ,Y)
- nodule

for h? I and consequently a

21ft ,X)
- nodule via restriction .

along

21ft ,X)
'

Zeit
,
y)

denoted o
*

In Y -



Example : wewant extensions

f

BGLCR)
-7 Y

7 -i

t -

-

r
- F

BGLCR):
' /

/ Fz
.t -

t

BGLCR)

Tk extension
F
,
exists because

of the unversed property of

(IT ,BGLCR) jab

GL CR)-

↳jab
-

-

-I
%
←
abelian

Q
.



The obstructions to extending

BGLCRIF- y
→

I -
L

-

Btccpgt

lie in H'
"

CBGLCRI; Buck) ; 09h
'D

but these groups vanish

as we saw earlier .

We also want to know about

Uniqueness .

We return to

the general setup .



Given two extensions

F
,
F
'

: Xu- Y sit .

A → y

In f¥
commute

.

Then we define a nap
f

Xx Eo ,Bu A-XI- Y

by I l××↳=F
[ lxxa, =p

I

thx for ,

where

IT
,
i AXI - A

The question of uniqueness is projection .

is then the

following question :



Can we extend
n

Xx so ,B u Ax I
f- y

¥
.

*÷÷÷÷±÷:
→ IT ,X
#

I

① 1

IT ,X
- IT.Y

The first obstruction
it , ×
Eia ,Y

IT , (Xx
so
,
Bu A XI) -7 IT ,Y

vs n

IT ,
X * IT ,

X

eat

'TA f
-

L
i

- o
IT
,
X -
-

o
,>
=

*uh

always vanishes
.



The remaining obstruct .ws lie in

Hh
+'

( XXI , Xx so ,DUAXI ; o
'

¥)
lls ← suspension

Hht
'

( X
,
A ; asean y) isomorphism.

H

1

In our case
,

H
""( Burst

,
BGLCR) ; 0-99+14)

I O f n z 1

So the extension

BGL CP) - Boy Cp)
t

→
y

it unique up to Ltp y rel BGL
427

.



We won't give a complete proof

that B. Ghent is a commutative

H -group ,
but lets define the

operation .

Let

no : GL CR) x GL CR) - GL CR)

be defied for A -- Caij) ,B -
'Gil C- EUR) by

MoCA ,B) = ( cij )

where
age, if

i -_ 25 - '

j -- zt
- I

Cij = / bst if i=2s 5=2 '

O O
.

W
.

Ex :

i÷÷÷÷i: ⇒am



Then no induces a - P

Biro

B@LCR) x GL CR)) - BC LCR)

F-

BLUR) XBGLCR)

One can then show tht
if Nyt ,X

NzCIT,Y one perfect normal subgroups

then N
,
xNz C IT ,(Xxx) = IT ,X

x lily

is a perfect normal subgroup
ad

there is a homotopy equivalence

xtxyt =, x y )
"

So we define u by

BGLCR) tx Brue)
t Ii BGL CR)

t

dis T most

(BGLCRIXBGLCRDT 136412) x'GUNT



One can check that this gives

+

BGLCR)

the structure of a commutative

H - group .

Also
,

Ko(G) is a discrete abelian

group so

Kola) x BGLCR)t is a

commutative H -group .

By the recognition theorem ,

Koco) x BG LCR)t is an infinite

loop space so it can
be regarded

as an l
- spectrum .


