
Lecture l l : The fibration

Theorem



In order to prove the fibration theorem ,
wewill need some

extra hypotheses on ourWal dhavsen category .

Det. We say a Weldhausen category Y has a cylinder

functor if it is equipped with afunctor

T : Arr b -B

and natural transformations satisfying
SC-I TC-I c- +C-I

→ I
t

where s : Arrol) -b t : Arrb
t b and scfl- +Cfl

.

" "

(A- B) in A
"

Can B)N B
A B

Additionally
,
we ask that our cy inder functor satisfies

1) There is an exact functor

Arrl-61→ c.b e Arrb (c.B E Arr-6
full subcategory

(f : AtB)1-1 Av B-TCA) on cutiteration!
j
,
(f)vjzlf)

2) Wehave Tco-A)= A for each A in Y and

j ,cosA)=pCo
-A)= ida .

Additionally
,
we say the cylinder factor T

satisfies the cylinder axiom it (wig full

: Tcf) -+Cfl f
w
,
f E Arrif

subcategory

PHI on

week equiv. )
for all f in Arrb



Example :

The Wal dhausen category Rf Cx) with w
R'Cx)

the homotopy equivalences has a cylinder

functor 1

Tcf:yay
') = X X Yxco ,D x Y

Xx foil) 4×213

Satisfying the cylinder axiom .

When Rfcx) is equipped with w Rtex) -- is . RTX;

i. e the same category with
cofibrations but weak

equivalences are homeomorphisms , then the

cylinder functor still exists , but
it doesn't

satisfy the cylinder axiom .

Ex : Let to be an exact category and consider

the Wald hausen category Chef) of chain complexes

in 8 where C Chb consists of level-wise admissible

homomorphisms
,
we fix an e-bedding SEA where

A- is an abelian category and Wchb are maps

which are quasi - isomorphisms Ch A .

We define

Chbchf) to be the full exact sub
Waldhouse-

category on the
bounded chair complexes ink. .

Then Chb Cy) has a cylinder factor

Tcf :c
.
- c
.

')
n
= Cn ① Cu - i④ Cn

"

.



Def : Given aWaldhausen category B and a cylinder

functor T : Arr8 - if we can define the coze

as the composite

C : if-Arri Jeb

A 1- (Ae o) 1-Tcc , o)

so CCA) -- TCA-o) .

we then define

E : 8→ y

to be the Cotter of the natural transformation

cot ( idc-I >→ cc-) ) = EC- I .

Ex : In Ch lb)
,

ECC.) = C. C- 17

with ⇐ C.) n'- Cn - i

Det : we say a Wald Larsen category ⑥ ,
if,w8)

Satisfies the saturation axiom if wcf satisfies

2 out of three ; i. e for all conposable

pairs of# B 5- c in 8 such that

2 out of three of Ef , g , got } are in
WY

then so is the third .



Lemme .1 If b is a Waldhausen category
with a cylinder functor T then Snb has

a cylinder factor

T
'
= Sat : Arrl Snb) = Snarr's → Snb

w/ natural transformations j
,

'
-
- Snj ,

,
jj --Snjz

,

and p
'
= Snp satisfy is

so T
'
te -I

t.it
.

If T satisfies the cylinder axiom ,
then so does T

'
.

If 6 satisfies the saturation axiom ,
the- sodoes Sn'll .

Prout . Exercise

Det . We say a WaldLarsen category G
satisfies

The extension axiom it for each map of

cofiber sequences

A)→ B→ c

t t t
A's- B

'
→ c

'

such that A → A
' and c-c

'
are weak equivalences

then B IB
'
is also a weak equivalence .



Thin .

(Fibration theorem)

Let 18
,
cb) be a category

with cofib rations

equipped with two subcategories V8
EWG of

weak equivalences such that (Yo ,if,v8)
and

(b
,
if,w8) are Waldhausen categories .

In addition ,

assume Cb ,eb ,wtf) has a cylinder
functor satisfying

the cylinder axiom and wtf satisfies the

saturation axiom and the extension axiom .

Let (Yew
,
if?✓Yw) denote the full sub Wald

hauser

category of 18 , if ,u8
) on objects such that

o A is a nap
in Wb

.

Then there is a

fiber sequence

1487.8784 - Koo ,clerk) -Koo,cYwY)
"

!! !?
Kim key is Kc w)

and consequently a long exact sequence

. ..

- K ; Now)- kick ,v)
-killin)

-
>Ki . . How)- Ki -albiteki - ibid

t
- r .

Kotb)u Kolb , u)→Kotter)
e 0

.



To prove the theorem ,
we need a preliminary

discus ion on bi categories .

Note : we can identify small categories with their

essential i-agein s Set via the functor N . : Cat →Set .

Wewill build this into thedefinition of bi categories

Deet : A bi category is a bisinplicial set

to
. .

'
- A
" xD
"' - set

such that top . and 8. q are each the nerve

of a category for each yd, f 5
" we call

Bo
,
o

= objects of8 Go , =
vertical morphisms

f
, o

-
- horizontal morphisms 8 ,, =

bimorphisms

Ex : G-ien a category B ,
we can form bi B

with

biB=obB

KiB) , KiB)o , -- Arrl B)

Cbi B)
"
t I,}! , commuting diagram

1h13

If AEB is a subcategory write AB for

the sub bi category of bib
with

A-Bo -- ob B =obA ABoi Arr (A) a-b. a'ab
'

C- ArrB

AB
, o= AND

a - b a bAB
, ,
z t d t C-Arra

If B is a category , write
ta '- b

' a ' b
'

B for the b.
'

category with Bp ,q= Np B tf EZO .

.



Lennie ? (swallowing lemma) Let AEB be a subcategory

The map of
bi categories

B- AB

induces a homotopy equivalence

1131- IABI

If
.

It suffices to prove that the nap

Np B- ABp. .

of sirplicial sets induces an equivalence

INPBI t IA Bp, . I .

Define a rep

ABP , .
M Np B

by (Aoi
...

-Ah)n Ao .

Then clearly
g r

Np B - ABp , .
-Np B
e

id NPB
So it suffices to produce a natural transformation

s r

A- Bp , . → Np B→ ABp , .
I E-
id
Ap , .

E : ros ⇒ idAp
,
.



We define

2 : Ap . x in → A Bp , .

BY Y ( Ao-Ait. . . -Ah , o)
= (Ao AT . .. u Ao)

Y (Aoi. . . -Ah ,
D =$otAT . . . - An)

Y (Aoi . . . -Ah
,

out)

11

am if:i - - ' Inane..oa.
Foie' A

,
A 24 . -

I" An

Thus
,
to reach p there is , Lootopy equivalence

/ Np Blut ABP
.
.
I

.

=

Since

B - AB

is a -pot bisinplicial sets w/ ) Bp .IE/ABp . )\
)

for all P 20
,

=

/ Ip) te l Bp, l l
- HMM IABP

,

.lt
.

lls
lls

1B l IAB I



Proof of fibration theorem has cylinder factor
-

'

w/ cylinder axiom ,

Recall that wehave t
saturation

,
t

extension

(Yow
,
chew

,
if) E lb,c8 ,v1) ECB , cb ,wb

)
axioms .

Eef
v8 Ewb

4

A

Sit.

Co >→A) Ewb .

The idea of the proof is to consider the square
= =

-

vs.bw-su.o.s.ei-vws.es-whew
<3

°
'

L2

Additivity th I ✓ Itext on
t
f- u.w.s.qt-iws.to

✓5. if→VI. Sob
Lz g.L ,

L2

cylinder factor taxi saturationL2 = Swallow 'h9
of simplicial bi categories where lemma

V.w
.
Snb = (v Snb) (w Snb) for all nZo

v
.

"

Snb sit . horizontal morphing V.JaeSnb

are also Cofibrativrs .

(V Snb)p,q= Npvsntbttqzo

@ Snb)pg=NpwSh8 Hq> o

This implies

lv.s.tw/u.1vs.bl-slws.bl

is a t.be - sequence as desired .



Lemma 3 Let Chee
,
CY
,
wb) be aWaldLarsen

-

category with a cylinder functor satisfying

the cylinder axiom such that wtf satisfies

the saturation axiom .
Then the inclusion

is : IN.581 IN
.

wbl

induces a homotopy equivalence .

PI . Let ii.Eton wb denote the inclusion . By

Quillen 's theorem A it suffices to show

N
.
ily te for all B in wb

.

An object in its ish pair ( A ; f : ATB
E W

,
lb

.

Since the cylinder functor satisfies the cylinder

pH
axiom Tcf) - B EW ,

Yo
.

We defile afnctor

I : its a IIB

CA
,
f :AtB) 1- (TCH ,Tcf)

"
B)

then jclfl
,
jzcf) ETL by the saturation

axiom

So we have rat . Tra-S .

(A
,
f:Aub) CA

,
f :AaB)

( A
,
t : At B)

ca
,

did
.

- 'B
⇒

d
=) d

+ ' -ASB) (TCA) , Nfl :
Tcf) e B) (A , i dig:B'D)



induced by -

(A tiara ,

a,,jI!
' B)

So

id . E I = const B
' 1B

⇒ if I e for all B in WB . D

Consequently ,

t.ws.bl-lv.w.s.to l
art

iv.ii. S . 81 I iv. T.S.LI .

To prove
the fibration theorem ,

it

Therefore suffices to show

us
.
b-→ u.o.s.ci

I t
us! -i v.o.s.ee

is a Lortopy pull back
out Iw S

.
8Th ?



Since wtf
"

hes an initial object ,

IN
.

weil - e
.

Also
, by the additivity

Thor-

we saw that there is a homotopy

fiber sequence
(2)

IN.us.gl -→ IN.us.lt:511/nln.us.'
"

84

and a htpyeeu.hr .

elN.rs?'8T=lN.vs.84
So after rotating there is - homotopy

fiber sequence en

IN.vs.tw/-llN.vS.EluIN.vS.ff:cEiogl .
It therefore

sultriest o show

at

lv.o.s.cl/Eilvs.H:bwisIl
( wherewe regard us .Higley) as

a bi sie plical bi category) .



First
,
we show there isan equivalence

of categories
←

wee Fnb → Sncf : eiubtewqc.is
u

= =

( AOE
. . .

A- a) tnlttilap?.UA#.AoHApt..xAn
)

\

( BonBin. .dk/t1lBim...HBniBoseBpu..HDn
Note : By the sit

.

extension ax.im BOMB ,M .
.
.
NBN

t Tt d

Bon B ,HB ,
TD BilboEB ,

'

Budo
n e us

w* Iid Tf I ⇒wtf x Bn'

BonBon o wcf
id

⇒ Dost B , Ewb .



Applying v.
S
.

we get a map

v. S . Cut.8) - v.s . (
s
.
H :Eid)

"

Tv
,
.sn hee 'VE 4. sis .#EM

is a htpy equivalence tip ,
n

so since

v. S . ii.E
-

- r
.

I
.

S
.

Yo

wehail

iv.i. s.el-ilv.s.tt :Eid !

Thi finishes the proof .



Them ( Gillet -Wald hausen ]

Let L be an exact category
with Y E A vet

A an abeln category such
that B is closed under

kernels of surjection, in
A

.

Then the exact

inclusion functor

8 ↳ Ch48)

induces a homotopy equivalence

KCB) E KC Ch46))

In particular,
k£8) I kn Cabal)

for all h2o
.

Det. We say

O- Aht An -it . . .
u Ao- O

is an admissible exact sequence
in 8 if

each map decomposes as

Ant# Bn>→ An such that

° - Bns- Ah→ But ,
- o is an exact sequence

in Cf for all uZo .



Det : Let Eiji!! be Waldhause- category

w/ cut to rations the level -wise admissible

homomorphisms Ai -A ! such that

Ai HB
;
Bite Ai

'

is an admissible homomorphism for each i and

let weak equivalence, be level rise isomorphit
'

in 8
.

Then by the additivity theorem ,

wecan show b

carbs ) = IT Kcb)
.K ( b

exact
a-atl

Ca,b
)

Lewman : consider the full subcategory
Ch Cy)

of Chb (q) of those
chain couple xes

C
.

Such that Ci = o when
i ¢ Carb] . Then

by the additivity theorem there is a homotopy

equivalence b

kcch
"'"cy)) = IT KH) .

F- a

PI : Exercise .



Proof of GW theorem quasi-

-

- level -wise isos
admissible

consider the sequence e t

chbcyfscchbcbycchbgis.ch/4CChbC81,cChbb,wChb8)
ul

"
A chair cuydexes A.K

.
A

-

that are quasi- isomorphic colin
Chc
-

niffy
to O

f
filtered coin .'t

A. K . A .
thin] Recall : K ( coli- ku)

coluim bexact
= coluim KCET

There are canonical fiber sequences

C-h , h)klbexaa.lt/CCchtniYyy)-XKl8)
h
IS n

IS

IT KIL) IT KCB)

i =-htt
i = - n

for all n . Passing to cdinits wehere

colnimkclbeiii: ) - colin Katie's)
# key)

is is I

Kcchbcyjw) → kcchhcybiiohkkh.ch )

=) Kcb)EkCch48)) .


