
Lecture 8 :

Wald hausen K -theory



I Wald hausen Categories
①

Recall : An exact category A is an

additive category equiped with a

fully faithful exact functor A-36

Where tf is an abelian category . By a

the Quillen -Gabriel embedding theorem

we can equivalently def i - e an exact

category to be a pair (A ,
E) where A

is an additive category and E is a class

of an exact sequences

on Asu Bx c - o e E

satisfying
(1) E is closed under isomorphisms

(2) admissible monomorphisms are closed

under composition & base change

(3) If a morphism mum
'

has a kernel

in A and N- M-M
' is an

admissible epimorphism ,
then mum

'

is an admissible epi- orphism. The
dual statement for admissible nanos . holds.



In fact
,
we will consider a generalization .

②

Det : A category with cofib rations

consists of a pair ( f , ab ) where 8 is

a category with a zero object O and coff

is a sub category satisfying

1) of contains all isomorph-3ns

( so oh ab = ob 8)

2) the unique map osu c is in a8

for all c in b
.

3) it f : A >- B is in CG and

A- → c is any morphism then

the push out

A >→ B

{ → IIAB
exists in 8 and CHEHAB

is in cf

( consequently , wehave a notion
of exact

sequence

A- s- B

/ t
to >→ o#AB = : BIA .)



③
Def : A Wald hausen category is a triple

( 8
,
cb
,
Wb) where ly

,
if) is a category

with cofib rations and wb Eb is a

subcategory satisfying

1) all isomorphisms are in w b

(so ob wb '- obb)

2) wtf satisfies the gluing lemma
"

.

Given a commutative diagram

D ← A- B

dis dis dis

D
'c- A

'
>→ B

'

where DID '

,
AIA '
,
and BIB' are in wb and

A-HB and A
'
>→ B

'
are in CB

,
then

the induced map

DIAB Es D
'

Hai B
"

.



Example '. Any exact category with
④

cofibrations = admissible
homomorphisms

weak equivalences = isomorphisms

f-
Example

'

. Let Rx E *Toph,
s r

Xu Yu × such that (Y ,x) is a relative

Tax Cw complex with finitely ma is
.

Then (Rx
,
cot Rx

,

w Rx ) is a

waldhausen category where cofibration S

are inclusions of sub CW complexes
and weakequivalence ) areweak equivalences
after forgetting to Top .

A functor GTD between Wald hausen

categories is exact if it preserves
0
,
cotib rations

,

AND
weakequivalences

,

and putouts de ctn.rs .

Let Wald be the category of small
walhausen

categories and exact factors .
Wewill define

a functor K : Wald→ CGWH



Construction : ( Wald hausen 's S
.

- construction)
- ⑤
Recall that cat is the category of small

categories and there is a fully faithful

embedding
D -7 Cat

[u) IN o- I- . .. - h =
: Ch)

we write cu) for the image of an) by abuse of

notation . This for-s a cosimplicial category
with cotace maps Si and codegeneracies ri .

Let Cat (GD) denote the category of factors

from 8 TOD in Cat . Let Arr Yo := Catch , 8) .

Let 8 be inWald and define

Snb E Cat (Arran) , b)

to be the full subcategory with objects

A : Arran))-b such that

1) for every u : co- Cn) Ex : too→ Ao ,
to

A- (nooo) = o d d
Ao , → All

2) for every 8 : co- Cn) , the
" "

O O

sequence

Acrodz)XAC8od ,) -1 Altodo) is

is a cot :bration Ex : Aou - Ao ,
>→ Ao,
t t t

sequence Ato
, Ai, -- o -1 Air

( Aerosol -=AlrohYAIro2zD .



Note : This produces a functor
⑥

Sn Y = Cat(catch ,Cns)
,
8) : DOP LWald

by letting A
'

>→ A be a eotib ration

if for every functor a :[
n-m

A- Co) - A' CE) is an objectwise

cofibrution .

A morphism At A
'
is a weak

equivalence if for all o :c ,] - fu)

the map

Aco) - Aco) is a
weak

equivalence object wise .

The face and degeneracy maps have

an intuitive description as well
,
so

we will spell them out in

a special case .



Ex : Note that Sob -103 S
,
6=6 and

⑦
I 1

528 ={ AMB-'BIA 3 .

Consider an object in 538

Aof) Ao# Aos

t r te
AirX) Al}

d-
Az -

The maps di : Sab - 5,6 osiez are defined as

Ao,>→ Aoa >→ A
03

do ( at
. .

at
. . ) = Alz >→ A

13

t
A-
23 ¥

A23

d. ( "''
'

¥i:n÷÷ )
-

- Amato .
A-23

dzf "" :÷÷÷; )
-

-

Aoi⇒ Ago ,
T

Al 3

dzf " ÷÷; )
-

-

Aoi >→ Aoz

I
A- 12



We can consider the simplicial small ⑧

category

up
WS
.
I

D - Cat

by for getting structure and post compose

with the nerve to produce
op

w 5.&
D- Cat sSet

or in other words

N.ws .8

is a bisimplicial set .

Det :
W

K lb) :=i IN.ws .-61

Thin : when 8 -- PCR)

KOCRIXBGLCR)'t KW ( PCR))
IS

KERR)) e Kadir))



Proposition Let 8 be a small Wald Larsen ⑨
- category

,
then

21C obb
]

To 11 No ws.to/=#gifcEc '

[c]
'

- CB) +CCB
)

Proof : if

Toll N.ws.to/
BACH

⇐ IT
,
IN.ws .81

cat
. sequence

Since NowSob = Eos

So IN.ws.It is connected

Note : IN .ws.81 = ( Cui 1-
Bw Snb I

Let Xn : = ( as 1- BwSnf ) .

Then lxnl = IN .ws . -61 .

IT
,
IX. I = IT

,
X
, /µ=dy

- do
"

"

for x C- To Xz



④
In our case

,

To Xz
= To Bws ,8

= { [ Bs- c - CLB)
)

( equiv. classes of

cofibration sequences
)

and

doc
""

{g) = "B
d ( BT

' ) = c
( t

CLB

dz ( Btc ) = B
d
CIB

and since To X ,
= obb

f free group ~

IT
,
IX. I = F Cobb)¥ciCBk

N

V B
ca
Bk

CB)



④

Er : to KWCPCR)) E KoCR )

Basic properties
-

1) product preserving :

KCB xD) E K(8) xk CD)

2) homotopical :

Given exact functors

f. g : 8-D

Such that there is a natural

transformation

T : f ⇒ g

such that Tc : fcc)→ gcc)

is a weak equine-ee ih D

for all c in 8
,
then

KC f) e keg) .



I The additivity theorem ④

Note : IN .ws . -61 = ¥
.
BwSnb×M

So we have a map

Sk , IN.ws.81→ IN .ws
.
-61

i
"

I Bws# x ID'LL
R= o

115

Bw 8ns
'

So by adjunction , we produce a map

Bwf → 11N .ws.81 .

Also
,
since 5.8 : g

"
-Wald

where8 is aWaldhouse- category ,we
can

iterate it to form

s!"b= b) . . .)

h

and this same construction produces a sequence
of 10,

Bub -11N.ws
.
-61 - i' IN.ws!

"
81- 131N .ws .

'"

Blu .. .
11 11 11
- i - n

z
- n

KC8)
o
IK LL) , I KCB) z



The Cu- spectrum) The sequential spectrum

{ KCB) n
,
on : KC-62-1148)n+ , }

④

is an l -spectrum j i. e the map

on : K (b)
a
-11kt8)

* ,
is a

homeomorphism for all h
.

Proof : Next time

Them ( Additivity)

1) The map ( Cdo), ,@b)
: K (528)-Khblxklhlo)

is a homotopy equivalence .

2) Given a sequence F
'
-Faf

"

: Gtf

of exact functors and natural transformations

such that F'cc) Fcc) →F'
'

ca) is a cot :bration

sequence in 8 for all c in 81, then

Feet,
'

✓ Fe
"

as maps of H - spaces .



First
,
there is an intermediate

④

Statement .

*I Idol
,

t @d.=D ,} : KGB)
- key)

.

Proof that 1*1⇒ ( 27
-

specifying an exact sequence

F-
'

XF → F
"

: Y
'
-b

is equivalent to specifying
a
functor

G : Y
'

- Sif

such that do G
-

- F
'

,
d
,
G=F

,

and

dzG=F
"

.
So

F. = @ , G) ,
= @d.of)

Idol
,

Vidal
,
)oG,

= ⇐ '7
,
V (F

" )b
.



(2)⇒ (3)
150

After pre -co-posing
with

lws.blxlws.to/-lws.Szbl
A
,
B c- At AVB

's B

it is clear that

Cd
,
)
,

= Idol
.

Vcd
.
)
. .

We will show V is ahomotopy

equivalence .
The map V is

clearly a section of
c- A

'
- c

'
- B

'

(A '
,
B
')
r - dial

Iws.Sill ;lws.to/xlwS.bl →
VI

CA , B)
1-3 An AVB -413

i. e ros = id so S is a homotopy

equivalence if r is .



Again , to prove (2) ⇒ ( i) we pass ④

through an intermediate step .

Det : Let A ,B ,
C be categories

with cofibrations with A and B

exact subcategories .

We define

ECA ,8,13 ) to be the pullback

ECA.ee → Sab

t s
t

AXB -39×9
.

So objects in ECA ,
-8
,
B )

are exact sequences

As- C→ B

where A is in the
essential image of A

and B is in the essential chge
of B

.



We will show ①

( z) =) (* *) ⇒ ( i) where

=

* *Hdd
. .
@ Il:K(ECA ,8,13)) → KCA)xklB

)

Note that (* *) ⇒ Cl) is obvious ,

So we just need to show (2) ⇒ (* *) .

Again ,
the map f- ( (dds

,
Id ,})

is a retract
with section

S : KCA) x KCB)
→ KCECA ,QB)

)

A
,
B 1- At

AVB -eB

It therefore suffices to show

sure idkce# ibis) .



Consider the exact sequence
of ⑧

exact functors

F-
'
n F -F

' '

: ECA , 8.B)-{ CA ,6,13)

F-
"

( As-7 CAB )
= A Axes

F- CAN CA B
) =

AMCA B

F-
"

CAN CAB)
= xx BEB

Ten FIVE.
"

= FI by (2)
.

and

⇐
'

v F
.

"

) ( Ants → c)

= AT AVB - C

= Sor ( A 3- B
- c)

So

sort idk@ ca , -6,13))



Prod : The additivity Thore-
④

holds i tf {Kcb ) n , on}

is an l- spectrum

Proot '

. First
,
we observe that

n

(dis U

1wSzblIlwbl-dlwS.8l@oY.VCdzl.r
"

then @ mood = @ o
) Taos

by construction of the map j .

We have a map

lwszblxlnilu.LI/wsiblxltsil=/ws.y/I G)

where Iws -Bla, is the 2 - skeleton,

of 45.81
.



Then we have a map
⑦

lwszbltdd.lwbliulws.to/cz,
and ID'll gives a homotopy

from (d ,),oj to

(dog; ) * (da .Oj )

where se is the cocat oration
of loops

which is herotopic to the

operation on the H -space dlws. Bla,
.

More general" , Eddie
f

lwsiYsiedl5lws.m6luelwsiIt@ov.ddoCdheof-ldo1vCdd.of



Consequently
,
if ④

(21

Iws . El - dlws . Y l

is a homomorphism then

(di) , I ul

Iws . did II Iws . 8) news. ed
( dotard .

)
.

implies

Id
,
)
,
= @ d. uld .

)
.

=) additivity

conversely
,
if the additivity

theorem holds this implies

Iws .
"'s leeks?

"'Ll
is a haeonorph .)- .



we will defer the proof until ④

later
.

Given a functor

x :J - Top

define

honfinxk : - limit?.tn#xiolwurej--Cjo-jre
. . .

- jm)

let

Tna.ve/kL8)i=.hnocolinth1ws.WgIIN

Prep : The additivity theorem

holds for

Thai veKcb) .



Proof The two composites
230

- Cdt ,

Iws .
"'s.tl lws.my/inius!Ey(dobvCd

.
)
,

so after applying no colt
we

n fN

have Ld ,
)
, I

d- Kcsi) I 5148111481
habe habe have

Cdo)
,
Vcd

.
)
,

so the addi arity theorem

holds for II.ive Klf) . 11

This leads us to the following.



④

Def : A global Euler characteristic

is a pair ( E
,
X) where

E : Wald → CGWH is a functor

and X : obc-) - E C-)
is a

natural transformation such

that

1) Ecb xD) I ECT) XECD
)

2) E satisfies the additivity
theorem

3) The functor

b n w,to Arr (wb)

c 1- c e

induces an equivalence

E (8) Es E Curiel

4) Ecb) is a group - like H - space .



RIK : By a result of Segal
250

y)
ECB) II Yu for sore space Yn

for all n ji - e .

E :Wald
-7 Cd,wH .

→
infinite loop spaces

(2) If cred → e is a
cofiber

sequence in to the-

XC c) +We)=XCd)

where t is the operation in

the H - SJ ace E (B) , so

X is indeed an Euler characteristic .



To see this
,
note that

④

do
,
d
, ,
da : Sif → f

cm das e- c
,
d
,
e

satisfy

E C d) = Ecc)
t Ece)

and wehave

Xy: obb a Ecb)

Xfc) = Ecc)
f c e b

Su

XyCd)
=XyCc) Nyce) .



Iet : we say
④

(Aix# (B ,XB)

is a weak equivalence if

A- (8) EBB is a

hcrotopy equivalence
for all

Wald house- categories b .

Wewrite ho(Eul) for

the category whose objects

are Euler characteristics

and morph-s
are

holed) ( A ,
B) : - El CA,Bf

f-Ng
where FEELLCAIB) if Act) - Bcs)

if f : A-⇒ B and XBof=XA
.



th (Universal property)
⑧

The pair ( K
,
Xun.v) ?

the initial object in

Ho (Eve)
.

Here

Hon;)y : obb
- KCB)

is the adjoint of

Sk ,Kcb) → I cu) m Bw Snb I
11

Bws ,8xA
'

T proofs textlls

obb as
'

tie !


